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Abstract—The utility of unmanned aerial vehicle (UAV)-based
data collection for massive sensor networks has received great
attention. However, limited onboard battery capacity poses a
constraint on its operation. In this paper, we model data collection
of backscatter nodes using UAVs that are supported by wireless
energy transfer from LASER based charging stations (LCS)
for sustainable operations. Under the assumption that UAV to
backscatter node channel experiences Nakagami-m fading, we
derive the expression for signal-to-noise ratio (SNR). We define
expressions for overall backscatter energy outage probability and
overall backscatter SNR outage probability as the metrics of
sustainable operations. Our numerical simulations reveal that,
at optimal transmit power up to around 55% of UAV operations
are reliable and completely sustainable via LCS.

Index Terms—Aerial base station, backscatter communication,
energy harvesting, free space optics (FSO), radio-frequency (RF)
energy transfer, stochastic geometry

I. INTRODUCTION

Wireless sensor networks (WSN) with conventional Internet
of Things (IoT) nodes have high initial setup costs and
high operation power requirements as well due to oscillators
and other radio components. The scientific community has
renewed interest in backscatter communication since it has
been identified as the primary enabler of ultra-low power com-
munication. In monostatic backscatter communication based
architecture for e.g., RFID, backscatter receiver consist of on-
board carrier emitter (CE). The CE generates an unmodulated
signal which the backscatter tag modulates and reflects back to
the backscatter receiver. In bistatic backscatter architecture, CE
is dedicated, but CE and the backscatter receiver are physically
separable. In ambient backscatter communication (amBc) there
is no dedicated CE; rather, ambient RF signal sources are
utilized as carrier signals, e.g., radio and cellular towers, etc.
The authors in [1] considered UAV-based backscatter commu-
nication with multiple CE located on the ground and maximize
the energy efficiency of the UAV while optimizing the node
visiting sequence and CE’s transmission power. However, in
remote/rural areas, having terrestrial CEs with high density is
less likely [2]. Therefore, UAV-based monostatic backscatter
architectures are more preferred in such scenarios.

UAVs have been proposed as a component of future IoT
networks, with the goal of connecting things under diverse
circumstances and network conditions [3]. It is generally
established that IoT devices are dispersed randomly throughout
a large area of interest for different applications like environ-

mental monitoring, etc. Due to their adaptability, interoper-
ability, and cost-efficient operations, UAV-aided IoT systems
are expected to considerably address coverage limitations in
hostile settings. Additionally, UAVs’ ability to operate at lower
altitudes increases the probability of LoS connections between
UAVs and terrestrial IoT devices, making them the perfect
candidate to perform data collection processes [4].

Unmanned aerial vehicles (UAVs) also have the ability to
alter their locations on the fly, which enables them to manage
dense IoT deployment scenarios effectively. The authors in
[5], presented a framework in which UAV was used to capture
IoT data rapidly and efficiently, UAV trajectory was optimized
while maximizing energy efficiency. The authors in [6], [7]
utilized UAV to power IoT nodes for wireless energy transfer.
In [8], for UAV-aided powering of IoT nodes a resource allo-
cation strategy based on dynamic game theory was formulated.
RF energy transfer channel model was studied in [9].

UAV-aided sensor data collection is appealing due to the
UAV maneuverability, and backscatter based charging and data
collection it is a key enabler of ultra-low power, low data
rate, and sustainable WSN. However, limited onboard energy
capacity imposes constraints on the operational capacity of
UAVs. The UAV has to return to its base for offline charging
purposes frequently. Compared to energy optimization and
repeated offline charging of the UAV battery, free space optical
link (FSO) based connectivity between the UAV and LASER
based charging station (LCS) is a better alternative [10] for
energy sustainability.

Inspired by the aforementioned advantages and challenges,
in this paper we investigate the sustainability aspect of UAV-
based backscatter sensor node data collection process aided
by LCS. (1) We first derive a closed form expression of SNR
outage probability of the backscattered signal received by the
UAV from the backscatter node. (2) We utilize concepts of
stochastic geometry and used the Poisson line cox process
(PLCP) to model and study the impact of the presence of
LCSs. (3) Furthermore, we derive overall backscatter energy
outage probability and overall backscatter SNR outage proba-
bility and drew useful inferences related to the utility of LCS
from the sustainable communication point of view.

II. SYSTEM MODEL

In this section, the proposed architecture of the UAV-aided
data collection process using the backscatter-based sensor node
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Fig. 1. (a) Schematic for the LCS assisted UAV based data collection system
consisting of multiple backscatter sensor nodes, UAV, LCSs deployed at the
checkpoints on the roads passing through the region of interest. (b) EH
mechanism at UAV.

communication, supported by LCS for sustainable operation,
is presented.

Consider a scenario where backscatter sensor nodes are
deployed to monitor the region of interest situated in a
remote geographical location. Since the communication range
of the nodes is limited, therefore, UAVs are utilized for data
collection from backscatter nodes. UAVs have high flexibility
in terms of mobility, but their operation time is constrained
due to limited battery capacity. To eliminate this constraint,
UAV’s operations are supported by LCSs. LCSs are mounted
at the checkpoints on the roads passing through the region of
interest. We assume the checkpoints are connected to stable
power sources to power LCS.

We assumed that backscatter nodes deployed in the region
of interest are at the same height. The position of backscatter
nodes (BSCN) are modeled as a 2D homogeneous Poisson
point process (HPPP) ΦB defined on R2 with intensity λB .
The position of LCSs are modeled via PLCP. In PLCP, the
roads are modeled as a network of lines defined according
to the Poisson line process (PLP) ΦR. Using normal form
representation of line in R2, the following two parameters
are required, ρ representing the perpendicular distance from
origin, δ representing the angle between the perpendicular
to the line from the origin and x-axis measured in an anti-
clockwise manner. These parameters (ρ and δ) are generated
via 2D HPPP with an intensity λR defined on [0,2π) × [0,∞).
Corresponding to every pair of parameters, a unique line is
generated in R2. The position of checkpoints on each road
are modeled as 1D HPPP ΦC with intensity λC . We refer
to the overall process of LCS locations as ΦLCS , which is
defined as

ΦLCS = ∪ri∈ΦR
ΦCri

, (1)

which includes all the LCSs on all the roads. In this way,
we transform location aspect of the proposed communication
architecture into a stochastic geometry model.

As shown in Fig. 1, UAV maneuvers in the region of interest
to carry out the data collection process. Consider a typical
backscatter node located at the origin being served by the UAV.
The UAV hovers over the backscatter node at a fixed height

hUAV for a total serving time Ts. The backscatter device
utilizes a fraction of serving time Ts for energy harvesting
Teh and remaining time Tcom for performing communication
Ts = Tcom + Teh.

While hovering over the backscatter node, the UAV estab-
lishes an FSO link with the nearest LCS. LCS comprise of
an optical transmitter that emits a focused optical beam with
constant power towards the UAV. The optical receiver mounted
on the UAV harvests energy from the optical beam impinging
on the receiver surface. We consider that UAV is equipped
with two separate batteries managed by an intelligent battery
management system (BMS), such that while one of them is
being charged via received power from the LCS, the other
battery is utilized to carry out UAV operations (flight and data
collection) [11]. Since the associated LCS transmit signals at
a different spectrum range (1510 nm wavelength), there is no
self-interference between (LCS to UAV) and (UAV to BSCN)
links. It is considered that UAV has sufficient memory to store
the total data collected from the backscatter nodes; therefore,
the backhaul connectivity for data transmission is not required.

During time period Tcom, Teh the UAV transmits fixed
continuous wave signal with power P d

tx, P e
tx respectively.

Therefore, during Tcom, Teh power consumption of UAV is
Pflight + P d

tx, Pflight + P e
tx respectively, where Pflight is

the power consumed in flight operations. We assume that the
amount of energy harvested during backscatter communication
is very less and, therefore, can be neglected. Communica-
tion will be carried out if and only if the backscatter node
harvests sufficient energy during energy harvesting phase.
We assumed that sensor nodes have renewable energy-based
battery recharging mechanism to carry out sensing operations,
and thus the RF energy received is utilized only for up-link
data transfer.

III. STATISTICAL MODELING OF LCS TO UAV AND UAV
TO BACKSCATTER NODE COMMUNICATION LINKS

In this section, we first define the wireless channel link
between LCS and UAV and between UAV and backscatter
nodes. Thereafter, we mathematically express the effect of
separation distance and fading coefficient over received power,
and finally, we derive the expression of overall backscatter
SNR and energy outage probability.

A. Channel modeling for backscatter communication

During the communication time backscatter device modu-
lates the incident signal via a factor known as the reflection
coefficient denoted by β where β lies between zero and
one. In the proposed system, the communication between
the UAV and backscatter-based sensor node is governed by
monostatic backscatter communication (mBC) mechanism. In
mBC system, UAV first transmits an unmodulated signal to the
backscatter device x1. The signal received by the backscatter
device is given by

yB = hU−B

√
P d
txx1 + w1. (2)



The backscatter node modulates the received signal according
to the information signal x2, and reflect back the modulated
signal. The received signal by UAV is given by

yU =
√
βhB−UhU−B

√
P d
txx1x2 + hB−Uw1 + w2, (3)

where P d
tx is the transmit power of the UAV during

the time of data collection, w1 and w2 denotes addi-
tive white Gaussian noise (AWGN). Since the UAV is
hovering above the backscatter node, we considered that
the channel link is LOS dominated. The channel gain
hU−B =

√
GtxGbsc(λ/4π)2d−ηh̃U−B and, hB−U =√

GbscGrx(λ/4π)2d−ηh̃U−B in (3) are influenced by both
path loss and small scale fading, where h̃U−B and, h̃B−U

denotes small-scale fading coefficient in uplink and downlink
and are modeled as identical and independent Nakagami-
m distributed [12], d denotes distance between UAV and
backscatter node, Gtx, Grx and Gbsc denotes transmitter,
receiver and backscatter node antenna gain, η denotes path
loss exponent and λ(= c/fc) denotes wavelength of transmit
signal by UAV. The SNR of the received signal is expressed
as

SNR =
βP d

tx |hU−B |2 |hB−U |2

σ2
1 |hB−U |2 + σ2

2

, (4)

where σ2
1 and σ2

2 denotes noise power. The closed form
expression for the cumulative distribution function (CDF) of
SNR evaluated at SNR threshold x, given that the transmitted
power is P d

tx is expressed as

FSNR(x)|Pd
tx

=
1

Γm2

[
1− exp

(
−m1x

Z1

)m1−1∑
k=0

(
m1x

Z1

)k

× 1

k!

k∑
i=0

(
k

i

)(
C

Z2

)i

mi
2G

2,0
0,2

(
1−m2 + i, 1

−

∣∣∣∣ Z1Z2

m1Cx

)]
.

(5)

Proof. See Appendix A. ■

Backscatter SNR outage is defined as the probability that
the received SNR is below certain threshold γSNR

th , given that
UAV transmit power is P d

tx. Mathematically it is expressed as

PB,snr
out

(
γSNR
th

)∣∣∣
Pd

tx

= FSNR

(
γSNR
th

)∣∣
Pd

tx
. (6)

B. Energy harvesting by backscatter nodes

During the energy harvesting phase, let PB
rx denotes the

received power at backscatter node. Since the energy harvest-
ing is not efficient, therefore, the harvested power given that
received power is PB

rx is given by [13]

PB
EH

(
PB
rx

)
=

Pm

e(−υP0+ϑ)

{
1 + e(−υP0+ϑ)

1 + e(−υPB
rx+ϑ)

− 1

}
, (7)

where Pm denotes maximum possible harvest power, P0

denotes receiver sensitivity, υ and ϑ are shaping parameters. If
the energy harvesting operation is carried out for time period
of Teh then the total energy harvested is expressed as

EB (P e
tx) = Teh ∗ PB

EH

(
PB
rx

)
, (8)

where PB
rx =

∣∣∣h̃U−B

∣∣∣2 GtxGbsc (λ/4π)
2
d−ηP e

tx Let Pc de-
notes the minimum required power for circuit operation while
backscatter communication is taking place. Therefore, the
minimum energy required to be harvested beforehand for
Tcom communication time is Ereq = Pc ×Tcom. Backscatter
energy outage occurs when the energy harvested EB (P e

tx)
by backscatter device is less than Ereq . Mathematically it is
expressed as

PB,eh
out (P e

tx) = P
(
EB (P e

tx) < Ereq

)
.

Using (7) the above expression reduces to

PB,eh
out (P e

tx) = F|hU−B |2(K), (9)

where

K =

(
ϑ− log

(
(TehPm − PcTcom)e(−υP0+ϑ)

PcTcome(−υP0+ϑ) + TehPm

))
× 1

υGtxGbc (λ/4π)
2
d−ηP e

tx

.

C. Energy harvesting by UAV from LCS

In this paper we consider that UAV is linked with LCS
based on nearest LCS association policy. Let dmin denotes
the distance between the projection of UAV on R2 plane and
nearest LCS. The CDF, Fdmin

(ℓ) [14] and probability density
function (PDF) fdmin(ℓ) at dmin = ℓ are expressed as

Fdmin(ℓ) = 1− e(−2πλR

∫ ℓ
r=0

1−exp(−2λC

√
ℓ2−r2)dr),

(10)

fdmin(ℓ) =
(
2π2λRλCℓ [I0 (−2ℓλC) + L0 (−2ℓλC)]

)
×[

exp
(
π2λRℓ [L1 (−2ℓλC) + I1 (−2ℓλC)]

)]
,

(11)

Proof. fdmin
(ℓ) is derived in similar fashion to [15] with

detailed procedure given in Appendix B. ■

Let z =
√
h2
UAV + ℓ2 denotes the distance between the

UAV and nearest LCS, then the received power from the
nearest LCS is given by [16]

PLCS
rx =

ΩΛξPLCS
tx exp(−φz)ht

(∆ + zΘ)
2 , (12)

where ht represents turbulence effect which follows gamma
gamma distribution. The PDF of ht is expressed as

fht(x) =
2(αtβt)

αt+βt
2 −1

ΓαtΓβt
x

αt+βt
2 −1καt−βt

[
2
√

αtβtx
]
,

(13)
where Ω denotes the energy harvesting efficiency, Λ denotes
area of the receiver at UAV, ξ denotes combined transmitter
receiver optical efficiency, PLCS

tx denotes the transmit power
of LCS, φ denotes attenuation factor, ∆ denotes initial laser
beam size, Θ denotes angular spread of laser beam, αt and βt

are turbulence parameters.
Let ςth,i denotes the power consumed at an instance where

i ∈ {E,D} such that ςth,E = (Pflight + P e
tx) and ςth,D =(

Pflight + P d
tx

)
.



UAV power reception probability is defined as the prob-
ability of harvesting PUAV

rx amount of power via FSO link
from nearest LCS. Mathematically it is expressed as

P
(
PUAV
rx > ςth,i

)
|z = 1− FPUAV

rx
(ςth,i, z) ,

where

FPUAV
rx

(ςth,i, z) = Fht

(
ςth,i (∆ + zΘ)

2

ΩΛξPLCS
tx exp(−φz)

)
.

Using (11) finally we have

P
(
PUAV
rx > ςth,i

)
= 1−

∫ ∞

0

FPUAV
rx

(ςth,i, z) fdmin
(ℓ)dℓ.

(14)

D. Overall outage probability

Provided that Pflight is known and constant. With UAV
transmission power P e

tx, during energy harvesting time period
overall backscatter energy outage probability (Pout

E ) is
defined as the probability with which either power received
from LCS is less than Pflight + P e

tx or harvested power at
backscatter node is less than Preq

(
= PCTcom

Teh

)
. With UAV

transmission power P d
tx. During data transmission operation

time period overall backscatter SNR outage probability
(Pout

D ) is defined as the probability with which either the power
received from LCS is less than Pflight+P d

tx or received SNR
at UAV is less than the defined SNR threshold value.

Using the above two definition, system outage probability
is defined as

Psys
out =

Tcom

Tcom + Teh
Pout
E +

Teh

Tcom + Teh
Pout
D , (15)

where

Pout
E = P

(
PUAV
rx < Pflight + P e

tx

)
+

P
(
PUAV
rx > Pflight + P e

tx

)
× P

(
PB
EH (P e

tx) < Preq

)
= 1−

[
1− PU

out (ςth,E)
] [

1− PB,eh
out (P e

tx)
]
. (16)

Similarly,

Pout
D = P

(
PUAV
rx < Pflight + P d

tx

)
+

P
(
PUAV
rx > Pflight + P d

tx

)
× P

(
SNR

(
P d
tx

)
< γSNR

th

)
= 1−

[
1− PU

out (ςth,D)
] [

1− PB,snr
out

(
γSNR
th

)∣∣∣
Pd

tx

]
. (17)

IV. RESULTS AND DISCUSSION

In this section, we present the analytical and simulation-
based results generated using MATLAB to validate our pro-
posed framework. The values of the simulation set-up param-
eters are listed in Table I.

Fig. 2 shows the data reception quality for the proposed
framework for both theoretical and simulation-based scenarios.
The simulation results are obtained using Monte Carlo simu-
lations. The variation of SNR outage probability with trans-
mission power is plotted at different SNR threshold values.
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Fig. 2. SNR outage probability of
backscatter node.
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Fig. 3. LCS to UAV power reception
probability.

Fig. 3 and 4 showcase the uninterrupted operation capacity of
the proposed framework. Fig. 3 shows the LCS to UAV power
reception probability, while Fig. 4 shows the variation of UAV
power reception probability for different LCS densities. Fig.
5 and 6 showcase the overall SNR outage probability at given
UAV transmit power for different SNR threshold values and
the energy outage probability at given UAV transmit power
for varying values of LCS density, respectively.

We know that the higher the transmission power, the lower
the likelihood of an outage. This pattern can be observed in
Fig. 5 where with an increase in UAV transmission power,
there is a decline in outage probability until it reaches an
inflection point. Beyond this inflection point, as we further
increase the transmission power, the outage probability starts
rising again. The reason being with a further increase in UAV
transmit power, the total power requirement increases, and the
chances of receiving more power from the associated LCS
decreases (as can be seen from Fig. 3). Therefore from Fig. 5
and 6, we can conclude that with road density λR = 0.57 Km−1

and checkpoint density λc = 0.5 Km−1, approx. 55 percent of
the time, the UAV total power consumption is supplied from
LCS and the received SNR at the UAV is above the 0 dB.
Therefore, compared to standalone UAV architecture, LCS-
aided UAV-based data collection can serve more users with
high reliability. Due to space constraints, resource allocation
scheme description and detailed comparison will be presented
in our future work.

In the wireless energy transfer based recharging process,
the overall backscatter energy outage with the change in
UAV transmission power is plotted in Fig. 6. We observe

TABLE I
SIMULATION PARAMETERS AND VALUES [13] [17] [18]

Parameter Value Parameter Value
Tcom 10 s Gbc 0 dBi
Teh 600 s fc 915 MHz

hUAV 30 m PC 10.6 µW
Pflight 168 W αt , βt 5.76, 3.6
σ2
1 , σ

2
2 1× 10−9 PLCS

tx 1000 W
m1,m2 2 η 2
υ , ϑ 274 , 0.29 ΩΛξ 0.004 m2

Pm 0.00493 W φ 10−6 m
P0 0.000064 W ∆ 0.1 m

Gtx, Grx 10 dBi Θ 3.4× 10−5
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Fig. 4. UAV power reception probability at differ-
ent densities of LCS.
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Fig. 5. Overall backscatter SNR outage probability
at λC = 0.5 Km−1 λR = 0.57 Km−1.
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Fig. 6. Overall backscatter energy outage proba-
bility at different densities of LCS.

that, initially with an increase in transmission power the
outage reduces. Once the inflection point is reached, the
outage probability starts rising. At different LCS densities,
the inflection point is achieved at different UAV transmission
power. At higher densities, the distance between the UAV and
the associated LCS decreases, and hence the chances of an
outage get reduced.

V. CONCLUSION

In this paper, we have analyzed the UAV-assisted backscatter
sensor node data collection. A closed-form expression for the
backscatter SNR outage is derived. The scope of sustainable
data collection process with UAV powered by the wireless
energy transfer from the nearest LCS is evaluated using
stochastic geometry. Expressions for the overall backscatter
SNR outage and overall backscatter energy outage are de-
rived by taking channel fading parameters and the nearest
LCS distance. The constraint of backhaul link for sustainable
communication can be incorporated as a possible extension of
this study, which is left as a future work.
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APPENDIX

A. Proof of (5)
From (4) we have

SNR =
βP d

txH1H2Y1Y2

H2Y2 + C
, (A.1)

where H1 = ϵ1/σ
2
1 , H2 = ϵ2/σ

2
2 , ϵ1 = GtxGbsc(λ/4π)

2d−η ,
ϵ2 = GbscGrx(λ/4π)

2d−η , d = hUAV (since UAV is

hovering above the typical backscatter node), Y1 =
∣∣∣h̃U−B

∣∣∣2
and Y2 =

∣∣∣h̃B−U

∣∣∣2. Since h̃U−B , h̃B−U are Nakagami-m

distributed therefore, Y1 ∼ Gamma (m1, 1/m1), Y1 ∼
Gamma (m2, 1/m2). Consequently, (A.1) we have

SNR =
Z1Z2Y1Y2

Z2Y2 + C
, (A.2)

where Z1 = βP d
txϵ1/σ

2
1 , Z2 = ϵ2/σ

2
2 , C = 1/σ2

2 . For Yi,
PDF fYi

(x) and CDF FYi
(x) are expressed as

fYi
(x) =

m
mi
i

Γmi
xmi−1e−mix, FYi

(x) = 1
Γmi

γ (mi,mix);
∀i ∈ {1, 2} . Backscatter SNR outage probability can be
calculated as

P (SNR < x) = P
(
Y1 <

x

Z1

(
1 +

C

Z2Y2

))
, (A.3)

FSNR(x) =

∫ ∞

0

1

Γmi
γ

(
m1,

m1x

Z1

{
1 +

C

Z2y

})
× mm2

2

Γm2
ym2−1 exp(−m2y)dy. (A.4)

Using [19, Eq. (8.352.1)], we have

γ

(
m1,

m1x

Z1

{
1 +

C

Z2y

})
= (m1 − 1)!

×
(
1− exp

(
−m1x

Z1

{
1 +

C

Z2y

})

×

m1−1∑
m=0

(
m1x
Z1

{
1 + C

Z2y

})m
m!

 , (A.5)

Using binomial series expansion the following term can be
written as(

1 +
C

Z2y

)m

=

m∑
i=0

(
m

i

)(
C

Z2y

)i

y−i. (A.6)

Thereafter, substituting (A.5), (A.6) in (A.4) we have



FSNR(x) =
mm2

2

m1!m2!
(m1 − 1)!

∫ ∞

0

fγ2
(y)dy−

exp

(
−m1x

Z1

)
˙

m1−1∑
k=0

(
m1x

Z1

)k
1

k!

k∑
i=0

(
k

i

)(
C

Z2

)i

×
∫ ∞

0

ym2−i−1 exp

(
−m1xC

Z1Z2y

)
exp(−m2y)dy. (A.7)

The exponential terms of (A.7) can be expressed in terms of
the Meijer-G function as

exp(−m2y) = G1,0
0,1

(
−
0

∣∣∣∣ m2y

)
, exp

(
−m1xC

Z1Z2y

)
= G0,1

1,0

(
1
−

∣∣∣∣ Z1Z2y
m1xC

)
,

where the Meijer-G function Gm,n
p,q

(
a
b
| Arg

)
is defined in

[19, Eq. (9.301)]. Let

I1 =

∫ ∞

0

ym2−i−1G1,0
0,1

(
−
0

∣∣∣∣ m2y

)
G0,1

1,0

(
1
−

∣∣∣∣ Z1Z2y

m1xC

)
dy,

(A.8)

using [20, Eq. (07.34.21.0088.01)], I1 can be expressed as

I1 = mm2−i
2 G0,2

2,0

(
1−m2 + i, 1

−

∣∣∣∣ Z1Z2

m1Cx

)
. (A.9)

Substituting (A.9) in (A.7), the CDF of SNR is expressed as

FSNR(x) =
1

Γm2

[
1− exp

(
−m1x

Z1

)m1−1∑
k=0

(
m1x

Z1

)k

× 1

k!

k∑
i=0

(
k

i

)(
C

Z2

)i

mi
2G

0,2
2,0

(
1−m2 + i, 1

−

∣∣∣∣ Z1Z2

m1Cx

)]
.

(A.10)

B. Proof of (11)

fdmin (ℓ) is obtained by differentiating Fdmin (ℓ) in (10)
using Leibniz integral rule. Thereby, fdmin (ℓ) can be
expressed as

fdmin
(ℓ) =

[
4πλRλC

∫ ℓ

0

ℓe−2λC

√
ℓ2−r2

√
ℓ2 − r2

dr

]
[1− Fdmin

(ℓ)] .

(B.1)

Let I1 =
∫ ℓ

0
ℓe−2λC

√
ℓ2−r2

√
ℓ2−r2

dℓ, substituting
√
ℓ2 − r2 = a and

rearranging the terms, the expression reduces to
I1 =

∫ ℓ

0
ℓe−2λCa

(
ℓ2 − a2

)− 1
2 da. Using [19, Eq. (3.384.5)]

I1 can be expressed as

I1 =
ℓ
√
πΓ (1/2)

2
[Io (−2ℓλC) + L0 (−2ℓλC)] . (B.2)

Let I2 = I21 − I22 =∫ ℓ

r=0
dr −

∫ ℓ

r=0
exp

(
−2λC

√
ℓ2 − r2

)
dr, in I22 substituting√

ℓ2 − r2 = b and rearranging the terms, we have
I22 =

∫ ℓ

0
be−2λCb

(
ℓ2 − b2

)− 1
2 db. Further, using [19, Eq.

(3.389.3)], I22 can be written as

I22 = ℓ+
ℓ
√
πΓ (1/2)

2
[I1 (−2ℓλC) + L1 (−2ℓλC)] , (B.3)

where I0(x), I1(x) represents modified Bessel functions of
the first kind and L0(x), L1(x) represents the modified
Struve functions.
Further, substituting (B.2) and (B.3), the integral in (B.1) can
be expressed as

fdmin
(ℓ) =

(
2π2λRλCℓ [I0 (−2ℓλC) + L0 (−2ℓλC)]

)
×[

exp
(
π2λRℓ [L1 (−2ℓλC) + I1 (−2ℓλC)]

)]
.

(B.4)
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