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Abstract—In collaborative wireless transmission from N inde-
pendent nodes, up to N2 power gain with respect to a single-node
transmission is achievable at the receiver. However, achieving
synchronization among the participating nodes can be energy-
intensive due to high communication and computation overheads.
To achieve distributed beamforming (DBF)-like N2 power gains
in resource-constrained nodes, we propose blind receiver-end
phase synchronization methods with minimal overheads. The
reduced processing is achieved in two steps. First, we transform
the N-dimensional hypercube search space for phase corrections
of N nodes into N one-dimensional searches. Next, we exploit
the unique phase distribution of the Nakagami-m fading channel
between the transmitters and the receiver to reduce the search
space to a finite set of values. Two complementary methods,
namely, reduced search space (RSS) method and extended
RSS (extRSS) method are proposed that offer energy-efficient
solutions in diverse channel fading conditions. For tractable per-
formance analysis of the proposed methods, two approximations
are derived for the Nakagami-m phase distribution, respectively
for m > 1 and m < 1, and closed-form expressions are obtained
for the average power gain in the two cases. The numerical
and simulation results demonstrate that extRSS achieves fading
agnostic near-perfect average power gain for 12 search points per
transmitter, while RSS achieves near-perfect average power gain
for 4 search points per transmitter, under strong LOS conditions.
Both proposed methods are shown to have significantly reduced
computational and energy requirements compared to the closest
competitive approaches in the literature.

Index Terms—Collaborative transmission, distributed beam-
forming, energy efficiency, fading channel, Nakagami-m phase
distribution, blind receiver-end phase synchronization

I. INTRODUCTION

Signals from multiple independent transmitters located at
different positions can be phase-aligned to achieve power
gain at a desired receiver. With N collaborating transmitters
sending the same signal, power can be achieved at the receiver
up to N? times compared to a single-node transmission. This
collaborative approach can be applied to wireless information
transfer [1], [2], wireless power transfer [3], [4], as well
as simultaneous wireless information and power transfer [5],
[6]. Power gain at the receiver can be used to increase
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communication range, or to maintain the same received power
at %th fraction of the transmit power, thus conserving energy.

Power gain of N2 is achieved when signals from all trans-
mitters are synchronized at the receiver in time, frequency, and
phase. Without synchronization, received power fluctuates due
to random constructive and destructive interference, resulting
in an average power of N. Achieving synchronization in a dis-
tributed setup is quite challenging, because, unlike in classical
beamforming, the transmitters do not have a common clock.
This causes frequency and phase offsets among the transmitter
signals. Since the transmitters are placed at different and
often unknown locations, the signals arrive at the receiver
with unknown phases depending on the distance between the
individual transmitters and the receiver. Also, the channels
between each transmitter and the receiver further contribute
to dynamic phase offset among these signals.

Phase synchronization at the receiver via collaborative phase
correction at the transmitters, called distributed beamforming
(DBF), needs frequent inter-node communication and receiver
feedback. Unlike mobile communication systems, wireless
sensor networks (WSNs) are significantly constrained by
the deployment scenarios wherein frequent signaling based
synchronization can be prohibitive due to energy limitation.
Alternatively, phase correction of the independent transmitted
signals can be attempted at the receiver. Given the limited
processing power of wireless sensor nodes, synchronization
methods must be compatible with low-end processors, should
rely on minimal computational load, and minimize energy
consumption while providing stable gain under practical
channel fading conditions. This study focuses on receiver-
end processing-based blind phase synchronization (without
receiver feedback to transmitters) and specifically targets scal-
able solutions in a wide variety of fading channel conditions.

A. Related work and motivation

Though phase synchronization among the collaborating
nodes are studied well, energy and communication constraints
are not sufficiently addressed. In [7], the transmitters apply
random phase shifts in each iteration based on one-bit feed-
back from the receiver. It requires at least 5N feedback to
attain 75% of the ideal beamforming gain [8]. Deterministic
schemes such as in [9] employ a predefined sequence of phase
shifts at the transmitters and use quantized receiver feedback
for the required phase corrections. The methods in [10], [11]
considered receiver-coordinated channel estimation and pre-
diction using Kalman filter and feedback to the transmitters. In



[12], the signal at the receiver is supplemented by a relay that
applies constructive filtering in baseband and carrier domains
for adding relay’s and transmitter’s signals at the receiver.
The carrier synchronization in [13] requires several rounds
of coordination among the transmitters. In sequential training
scheme [14], each transmitter need to send M different phases
and the receiver sends feedback to each with the best phase
shift. It requires M N slots and N feedback for near-ideal
beamforming gain. The parallel training scheme in [14] based
on random phase perturbations and receiver feedback was
shown to have slower convergence than the sequential scheme.
Continuous coordination among the transmitters is required
in [15] for inter-node ranging, whereas the approach in [16]
requires additional hardware.

Some works considered resource efficiency in DBF-based
receiver-end phase synchronization. In [17], DBF was con-
sidered with unmanned vehicles as transmitters. Their paths
and transmit powers were co-optimized for energy efficiency;
however, it did not detail the synchronization method. An it-
erative algorithm involving convex optimization with multiple
constraints was used in [18] to minimize power for DBF in
multiple-input-multiple-output (MIMO) full-duplex relaying.
Here, in each iteration intermediate values of the optimization
parameters are exchanged among the participating nodes,
which is energy intensive. The receiver’s channel measurement
feedback period was optimized in [19], wherein the receiver
implements a bank of two-state Kalman filters for each trans-
mitter to track and predict the channel states. Distributed over-
the-air computation in [20] with multicast beamforming for
fast distributed optimization incurs high computational and
energy cost, with complexity O(N?). The approach in [21]
achieves precise near field beamforming via high accuracy
inter-node ranging, but has O(N?) complexity. The scheme in
[22] offers a more energy-efficient receiver design using ultra-
low-power backscatter feedback, but imposes coordination and
computation overhead on the transmitters, requiring each to
perform multiple trial transmissions, typically 6(N—1) for
phase correction. The methods in [20]-[22] assume quasi-
static channels and do not explicitly correct for channel fading,
thus limiting their robustness in dynamic environments. Addi-
tionally, the approach in [23] requires multiple training stations
(typically 3 to 5) with known and well-separated bearings as
well as prior knowledge of the receiver direction. It relies
on centralized offline optimization, which must be repeated if
the geometry of the transmitters, receiver, or training stations
changes. Moreover, it assumes line-of-sight (LoS) conditions
and does not compensate for channel-induced phase shifts,
thus reducing its effectiveness in channel fading scenarios.

The existing receiver-centric phase synchronization meth-
ods [24]-[26] do not require feedback to the transmitters.
The method in [24] relies on chance synchronization of the
received signals that achieves a low rate of coherence. The
approach in [25] requires the transmitters to send N times with
predetermined phase shift, to enable the receiver to extract and
weigh the signals for power gain. This method is unstable in
fading channels and has high (O(N?)) processing overhead.
The work in [26] improved upon the approach in [25] and
achieved synchronization using N orthogonal transmissions,

which also demonstrated energy efficiency over the com-
petitive feedback-based (DBF) approach [14]. However, the
method in [26] involves an exhaustive search across the search
space with the computational load increasing linearly with V;
this also impacts the processing-related energy consumption.
Such receiver-end processing overhead may be infeasible for
the lightweight energy-constrained nodes, thus limiting its
scalability. This method also does not offer any optimization
based on channel phase distribution statistics.

B. Contributions and scope of application

As an advance, this paper presents two complementary
energy-efficient receiver-end phase synchronization, called re-
duced search space (RSS) method and extended RSS (extRSS)
method, that achieve a similar power gain as in DBF in
diverse fading conditions. These methods are blind, i.e., do not
require inter-node communication or feedback, and exploit the
unique properties of the Nakagami-m fading channel phase
distribution for reducing the phase correction search space.
These methods achieve high and stable power gain at the
receiver while significantly saving on processing and energy
cost. The key contributions and significance are as follows:

1) Efficient receiver-end blind phase synchronization meth-
ods RSS and extRSS are proposed, wherein the phase
correction search space is simplified from /NV-dimensional
hypercube to N one-dimensional lines. The search space
is further reduced significantly irrespective of the fading
parameter m by exploiting the nonuniformity of channel
phase distribution in strong LOS conditions; this unique
feature has not been exploited in the literature so far.

2) Closed-form expressions on power gain are derived an-
alytically for the cases of m > 1 and m < 1 by
approximating Nakagami-m phase distribution as Gaus-
sian mixture and uniform, respectively. To the best of
our knowledge such approximations are not available in
the literature. The accuracy of the approximations are
verified through simulations.

3) The power gain of the RSS method is close to near-

perfect DBF in strong LOS (m > 1); it also offers

good gain even in severe fading conditions. Further,
extRSS achieves fading-robust (m-independent) near-
perfect power gain by trading off additional search points.

Receiver-end processing overhead in the proposed meth-

ods is shown to be significantly reduced with the reduced

search space, making the proposed RSS and extRSS
methods significantly energy-efficient compared to the
available closest competitive approaches.

4

~

The proposed methods are energy-efficient, useful for
achieving DBF-like power gains when receiving signals at
energy-constrained nodes from multiple distributed sources.
They provide power gain without receiver feedback (in ab-
sence of transmission capability or a feedback link) or where
feedback is difficult (due to energy constraint at the receiver
or unreliable feedback path). Such methods would especially
facilitate ad hoc WSNs in various practical applications such
as environmental monitoring, battlefield surveillance, disaster
relief, and emergency response that are often constrained by
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Fig. 1: System model for receiver-end phase synchronization. A (®)
is the common message from all transmitters in the nth commu-
nication cycle; OR; and ¢; are respectively the ith transmitter’s
orthogonal resource and local oscillator initial phase offset; 95") is
the phase offset due to fading ¢th transmitter-to-receiver channel.

harsh deployment environments, limited infrastructure, low-
cost battery-powered devices, and rapidly changing channel
conditions. The methods can also be used in cell-free MIMO
networks with energy constraints, where distributed low-power
nodes must cooperate efficiently without relying on extensive
feedback or centralized coordination.

C. Paper organization

The paper is organized as follows: System model is dis-
cussed in Section II. The proposed phase synchronization
procedure by search space dimensionality reduction is pre-
sented in Section III. Section IV presents the search space
reduction method based on Nakagami-m phase distribution.
Performance analysis of the proposed receiver-end phase syn-
chronization is presented in Section V. Section VI contains
the performance results. Section VII concludes the paper.

II. SYSTEM MODEL

The system, in Fig. 1, consists of N independent wireless
transmitters and one receiver. The nodes have independent
clocks and associated random drifts. They are placed at
locations unknown to each other and experience independent
channel fading. As common in WSNs, the nodes are process-
ing and energy constrained. The transmitters can individually
reach the receiver, however, receiver feedback to transmitters
is impossible or difficult due to its energy constraint.

The transmitters collaborate to send common message
A()(t) (shared amongst the nodes out of band) to the receiver,
where superscript n represents the nth communication cycle.
Each transmitter utilizes an orthogonal resources OR; to
transmit the common message A(™)(t).

It is assumed that all the nodes are frequency and time
synchronized by methods known in the literature. However,
phase de-synchronization from various sources exists among
the nodes. The local oscillator of each transmitter ¢ introduces
an independent phase shift ¢, to the signal. ¢; is considered
uniformly distributed in [—7, 7). The channel between the
transmitters and the receiver introduce independent phase
shifts #; due to small-scale fading. The channel fading is
modeled as a Nakagami-m distributed as it covers a wide range

of fading severity and LOS strength. The impact of shadowing
on signal phase during transmission is considered negligible.
Further, it is assumed that the receiver front-end is able to
mitigate the impact of frequency-selective channels through
equalization or other known methods in the literature.

Instead of feedback to the transmitters, in the proposed
methods the receiver computes to phase synchronize the
transmitted signals which can result in up to N? power gain
compared to the transmission from a single transmitter. The
efficacy of these methods is measured by normalized power
gain, which is the ratio of the realized gain to the ideal gain
(N?) under perfect synchronization. The energy efficiency of
these methods is evaluated in terms of a reduction in the
energy consumption in receiver-end processing compared to
the competitive approaches.

The increased power at the receiver can be useful for
higher data rate communication or lowering transmit power
while maintaining the data rate. With sufficient power at the
receiver for sending intermittent broadcast feedback to the
transmitters, the phase corrections can be subsequently done at
the transmitter, to form a beam over the air. This beamforming
can also be utilized for efficient wireless power transfer [26]
apart from information transfer.

The proposed phase synchronization procedure is elaborated
in the subsequent sections.

III. PHASE SYNCHRONIZATION PROCEDURE

This section describes the proposed phase synchronization
with minimized interaction among the participating nodes for
energy efficiency. The procedure for achieving power gain as
shown in Fig. 2 consists of the following key steps:

A. Communication protocol

The transmitters transmit (a common message) in an or-
thogonal multi-access fashion, such as using TDMA, FDMA,
OFDMA, or CDMA. The chosen protocol would depend on
the existing technology support in the wireless network. This
also ensures that no extra bandwidth provisioning is needed
for phase synchronization beyond the existing allocation. The
transmission matrix is shown in (1). For example, in TDMA,

transmitter 4, ¢ € {1,--- , N}, sends in slot 7.
1 0 ... O
0 1 0
A
Ty = | = 1IN (D
0 0 ... 1

Each transmitter is required to make only one transmission per
communication cycle similar to one-to-one communication.
Also, pilot signals preceding the message are not required.
Let p;™ () = R{p\™ (t)es2 et} i € {1,--- N}, be
the ith transmitter’s signal in the nth message, where f,
is the carrier frequency, and p(n) (t) is the complex low-pass
equivalent signal given by p\™ (t) = A ()ei% . AM(¢) is
the message to be transferred and ¢; is the initial phase offset
of the ith transmitter. At the receiver, the orthogonal signal
received from the ith transmitter after passing through the

channel hETL) = agn)ej9§7l) is of the form
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where az(-") = hgn) s 91(") = Ahgn) and w(™ is the additive
white Gaussian noise (AWGN) at the receiver. The receiver
down-converts this to extract complex low pass equivalents:

s () = al™ AW (1)l @O L™ e (1, N} (3)

where (™ is the complex low pass equivalent of the AWGN.

This orthogonal transmission is followed by receiver-end
processing to achieve power gain without any feedback to the
transmitters or pilot signals. Hence, the proposed approach has
no additional communication overhead compared to traditional
one-to-one communication.

B. Receiver-end processing

As observed in (3), the received signals from the transmit-
ters contain the accumulated error from the different sources.
Thus, a single estimation/correction per transmitter signal is
sufficient to correct all phase errors. Based on the collected
transmitter signals, the receiver estimates the optimal phase
correction for each transmitter signal individually through
receiver-end processing.

1) Original optimization problem: For computing the op-
timal phase corrections aE") for each transmitter signal, the
following optimization problem needs to be solved at the
receiver:

N 2
ol = argmax ngn) (t)ed=
{z1en b 52T

.t (Cl):0<z <21 Vie{l,--- N}

(C1) defines the phase correction search space, which is an
N-dimensional hypercube of side 27. Solving the objective

®D): {af"”, )

function for different {z;} values is processing intensive. An
alternative is presented to reduce the processing by reducing
the optimization problem to one dimension.

2) Dimensionality reduction: The search space in (4) is
large and increases with N. We show that the N dimen-
sional search space of size (2m)™ can be reduced to N
one-dimensional searches of size 2nrN without affecting the
optimality of solution. For this, we rewrite (4) as
N 2
(P1) : argmax Zsz(n) (t)el®i

{z1, 28} |59

N 2
= arg max Zaz(,")A(n)(t)ej(¢i+9§")+zi)
{zzv} iz
st(C):0< 2z <2 Vie{l,---,N} )

Here, consistent with the basic consideration that each or-
thogonal transmission from the individual transmitters is de-
tectable for the relative phase estimation and the subsequent
receiver-end phase synchronization, the noise term is omitted
for analytical tractability by assuming that the noise level
is appreciably lower than the signal level of the individual
orthogonal signals at the receiver'.

Thus, in (5), agn)A(”)(t) can be safely ignored because
A™)(t) is a common term and az(-" does not impact in phase
synchronization. However, the optimization cannot be solved
numerically because ¢; + 95") is unknown. Now, we convert
(P1) to a one-dimensional problem.

Proposition 1: A global optimal solution of (4) can be
achieved by conducting N one-dimensional searches of the
form

¢1+el+a2:¢07 V’Lg{lavN} (6)

instead of searching the original search space spanning an
N-dimensional hypercube of side 2m. ¢y € [0,27) is any
arbitrary phase value which does not affect the optimality of
the solution. Here, superscript (n) is dropped for simplicity of
notation.

Proof: See Appendix A.

The equations in (6) indicate that the optimal value of phase
correction is given by

a; = ¢o — (¢i + 0;). @)

However, solving the individual equations from (6) is non-
trivial, as transmitter clock phase ¢; and channel phase 6; are
not known and difficult to measure. To proceed with finding
the optimal phase correction «;, we use the following corollary
to Proposition 1:

IThe receiver input sgn)(t) in (3) has two components: sig-

. ny ) |
nal az(.n)A(")(t)eJ(d’i+9§ ) 2 pedd and AWGN (™) £ cedd,

The signal phase is arg(sz(.")(t)) = arctan (%) =
sin q+% sind _ sin g+VSNR—1sind .
arctan <W> = arctan (m> At high
2
SNR 2 %, ie., p > ¢, we have arg(sgn)(t)) ~ q. Thus, the phase

of the received signal and the accuracy of the phase synchronization are
not significantly impacted by AWGN, as is typically prevalent in short-range
wireless communications.
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Corollary: ¢; + 0; + a; = ¢ is an optimal solution of

. _ 2
(P2) : a; = argmax ei%0 4 oI(dit0ityi) 8)
Yi
. 1. (C2):0< o < 2m

Proof: See Appendix B.

The objective function in (P2) cannot be computed nu-
merically due to the lack of knowledge of ¢; + 6;. Hence,
we propose an algorithmic alternative based on the physical
signals sgn)(t) received individually through the designed
communication protocol presented in Section III-A.

3) Algorithmic Implementation: For a practical implemen-
tation based on the insights of Proposition 1 and its corollary,
we define the receiver-end pairwise phase synchronization
algorithm to find the optimal phase correction for each trans-
mitter signal. The optimization problem of (8) is solved using
Algorithm 1 by pairing each transmitter signal with a receiver
reference signal s(()") (t) where s(()n) (t) is a signal equivalent
to SZ(-”) (t) having phase ¢ and can be one of the transmitter
signals as well. sgn) (t) is phase shifted by all possible values
from 0 to 27 with a selected step size of A and added to
this reference signal. The resulting signal strength is evaluated
in each step. Optimal phase correction is the phase shift that
results in the maximum combined signal strength for the signal
pair. This is repeated for each of the N signals.

C. Generation of power gain

The receiver shifts the phase of each of the collected trans-
mitter signals according to the phase corrections computed
in Section III-B above. Subsequently, the phase-synchronized
signals are added together to achieve the power gain. The final
signal at the receiver can be expressed as

N ' N
§ :Siemi = A(t) E oJ(bit0itai) 9)
i=1 i=1

In the subsequent sections, through analysis and simulations,
it is shown that the proposed phase synchronization proce-
dures (even with further reduction in search space) achieve
DBF-like power gains. It may be noted that the power gain
is directly achieved at the receiver without any feedback

overhead. This procedure can be repeated for subsequent
communication cycles, thus offering continuous tracking of
channel phase offsets and robustness to fast fading. Addition-
ally, in a highly correlated channel with reasonable coherence
time the synchronization requirements can be reduced further
through intermittent receiver feedback as follows: the phase
correction estimates calculated by the receiver can be sent
back to the transmitters. The transmitters would correct their
respective phases, followed by transmission on overlapping
resources instead of orthogonal resources. This would enable
synchronized data transmission with power gain achieved at
the receiver antenna itself without the need for receiver-end
processing. Thus, the complete process achieves beamforming
by utilizing both digital and analog domains. Once the channel
decorrelates, the phase estimates would become outdated,
resulting in a decrease in power gain at the receiver. At that
point, the proposed RSS or extRSS process can be repeated to
obtain the new phase estimates for the transmitters in the next
transmission cycle. This effectively compresses the feedback
requirements based on channel coherence.

In the next section, we show that the search space for the
optimal phase corrections {c;} can be significantly reduced
by exploiting the channel phase distribution characteristics.

Remark 1. As shown in Section III-B and III-C, the phase
synchronization can be done through pairwise synchronization
of the transmitted signals at the receiver. This insight inspired
the design of orthogonal transmission in the communication
protocol as presented in Section III-A.

IV. NAKAGAMI-m PHASE DISTRIBUTION BASED SEARCH
SPACE REDUCTION

Channel phase distribution is commonly considered uni-
form, which corresponds to Rayleigh fading envelope, when
there is no strong LOS. However, in practice, especially in
short-range communications, radiative wireless power transfer,
or fixed backhaul communication links, LOS component can
be dominant [27], [28]. To account for a more generalized
fading scenario, this work considers Nakagami-m channel
phase distribution, with m parameter varying from 0.5 (severe
scattering) to 1 (Rayleigh) to large values (Rician (strong
LOS)).

Though Nakagami-m fading has been widely studied, most
of these works focus on channel envelope characteristics [29]-
[34]. A few works have studied the channel phase [35]-[37].
These models are shown to have similar envelope and phase
as the Hoyt and Rice distributions at limiting values of the
parameters. An important observation from the models is that,
contrary to common assumption, the channel phase is nonuni-
form for non-Rayleigh envelope, i.e., for all m # 1. The study
in [38] has also validated this nonuniform nature using field
measurements. Our proposed reduced search space methods
exploit this nonuniformity in channel phase distribution.

In the following subsections, we first discuss the nature
of the Nakagami-m phase distribution and then present the
proposed search space reduction methods.
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A. Nakagami-m phase distribution

The probability density function (pdf) of Nakagami-m
phase distribution (m > 0.5) [35] is

T'(m)[sin(20)]™ "

po(0) = omTe(m)

0e[-mm) (10)
when the dominant energy component is equally distributed
between the in-phase and quadrature components. Here, m
signifies the fading severity; a large values of m represents
less severe fading and stronger LOS conditions.

Besides this model, two other mathematical models for
Nakagami-m phase distribution have been discussed in [36],
[37], however, they also reduce to the phase model of [35]
when in-phase and quadrature components have equal energy.

The Nakagami-m phase distribution in (10) is plotted in
Fig. 3. From [35], the phase distribution is nonuniform for
all cases except m = 1 (Rayleigh envelope). Also, four high
probability areas are observed in the form of sharp peaks for
large values of m (strong LOS) with the peaks getting sharper
as m increases. The peaks are located at f%’r, -4, % and ?ﬂf
for all values of m > 1. However, when m < 1, the probability

peaks are at phase values —m, — 7,0, and 3.

B. Proposed reduced search space (RSS) method under strong
LOS conditions (m > 1)

As discussed in the Section IV-A, for m > 1, Nakagami-
m phase distribution is characterized by four high probability
areas with sharp peaks; the peaks get sharper as m increases.
For m > 1, these high probability areas tend to impulse
functions at the location of the peaks, i.e., _%’_%7%’
and 3{. We use this as a simplified approximation of the
Nakagami-m phase distribution, with each impulse function

weighted by % to ensure a valid pdf. Mathematically,

1 3T T T 3T
=505 (o) (o))
1T)
where 6 € [—m, 7). Consider (7), which indicates the ideal
phase correction value for the ¢th transmitter. Let a numeric
superscript (") indicate the nth subsequent communication
cycle. Rewriting (7) for the nth communication cycle, we have,

a" =g — (¢ + /") = i — (0" —0}).  (12)

From (12), optimal aE") can be viewed as the difference
of the o(ptimal phase correction in the first communication
cycle, ail), and the change in channel phase over subsequent
communication cycles. It should be noted that signals received
from the transmitters contain accumulated phase offsets. Thus,
the exact values of channel phase shifts le)and 95") are not
known and (12) cannot be directly solved for the optimal a§">.
However, al(-l) can be computed by scanning over 0 to 27 using
the method in Section III-B. Also, 91(") - 651) can be reduced

to a finite set based on the high probability areas of py(6)
using (11) as described below (shifting by 27 as required):

Do —g») (0) = pa(0) ® py(0)
_ i {5(9 ) +6(0+ ) +8(0)+ (0 - g)} (13)

where 0 € [—m,7) and ® denotes circular convolution. Thus,
possible values of 91(”) — 951) are approximately limited to:

™ ™
j_ { _7T7_27072}'

Let Ti(n) € J be the estimate of 95") — 051) given by the
proposed algorithms. Thus, from (12),
(n) _ (1) (n)

i Q; " =T

(14)

o (15)

From (15), the updated optimization problem (8) for estimating
7™ and consequently ™ is
P3) :7™) = arg max | % + o (@40 +alV —y{™)) 2
(n)
Yi

st (C3) 5™ e g (16)

Thus, the search space for each pairwise phase synchroniza-
tion, given in Section III-B, reduces to a set of four values
given by J. The objective function in (P3) cannot be computed
numerically due to the lack of knowledge of ¢; and 6;. Hence,
we propose an algorithmic approach using the signals s§"> (t)
received individually by the designed communication protocol.

To find the optimal phase corrections with reduced search
space, we adopt the approach of Algorithm 2 similar to Algo-
rithm 1 by using the physically received signals SE") (t). For
each pairwise phase synchronization, the algorithm identifies
the phase from the reduced set, which results in maximum
combined signal strength. The computed phase corrections are
applied to the received signals, then they are added to achieve
the power gain at the receiver. The performance results in
Section VI will demonstrate the effectiveness of the reduced
space search algorithm.

C. Proposed RSS for non-LOS conditions (m < 1)

In the following, we devise an RSS method for m < 1.
As observed from Fig. 3, the high probability areas are more
diffused for m < 1. Hence, the RSS method devised for LOS
conditions (m > 1) in Section IV-B is expected to give an
inaccurate phase estimate for m < 1. Hence, we devise a
modified RSS method that suits the channel phase distribution
for m < 1.



Algorithm 2: Finding optimal «; with proposed reduced
search space

Input: 5§ (t), s\ (t), af”, 7

Output: ag ")

Initialize: y; = 0, max Power = 0;

for each y; € J do

() ) () ivi |
Compute |s ‘ ") + 8" ( )el¥i
lf’ (n) )+S(n)( )ejyz

> maxPower then

maxPower = ‘ (n )( )Jrs(”)( t)el¥i ’
=% i

(n) = Yi,

end
end
al™ — oM 4

Considering the high probability areas as weighted impulse
functions as in Section IV-B, the approximated Nakagami-m
phase pdf for m <1 is:

pe(0) = i{5(9+w)+5(9+g> +5(9)+6(9—g) } (17)

where 0 € [—m, ). Solving for pyem)_g1) (0) by using circular
convolution we have,

Pom g (0) = po(0) ® py(0)
- i[6(9+w)+6(9+ ;) +6(0) +6(9— g)] (18)

0 € [—m, ). Hence, based on possible values of OZ(") — 91(1),
and using (15), (16), search space for pairwise phase synchro-
nization for m < 1 also reduces to the set given in (14).

Remark 2. The proposed method does not require the esti-
mation of the parameter m for search space reduction, as the
reduced search space is equivalent for m > 1 and m < 1
despite the difference in nature of the Nakagami-m phase
distribution for these range of m values.

D. Proposed extended RSS method (extRSS)

The RSS method significantly reduces the search space to
only 4 values based on high-probability peaks in pyem)_ga) (6).
The accuracy of phase correction therefore depends on a
statistical phenomenon where 6 is given by (10). Although
less likely, the sample points of () —#(1) can sometimes lie
away from the peaks, especially for lower values of m where
the high probability areas are more diffused. This results in
lower power gain at lower values of m.

We propose a complementary extended RSS method for
improving the power gains at lower values of m at the cost of
some marginally increased search overhead. The objective is to
introduce a few judiciously chosen additional search points to
limit the processing and energy costs. For this, one additional
search point is introduced between the high probability peak
and the low probability trough in pyy _ga) (6). Let this point

be at a distance K from the high probability peak. This
strategy results in a total of 12 search points instead of 4:

i e i
{7 —m+K Tk T Tk
J={-m -+ K —5-K 2 5
iy Vi
— K, 0. K, - K, T, 2+K - K} (19)

This updated search space can then be applied to the optimiza-
tion problem in (16) and the associated Algorithm 2, which
results in further improved power gains at lower values of m.

V. PERFORMANCE ANALYSIS OF PROPOSED REDUCED
SEARCH SPACE METHODS

In this section, we evaluate the performance of the proposed
RSS and extRSS methods in terms of the achievable power
gain at the receiver and energy/processing requirements.

A. Average received power gain

Denoting the corrected phase value of the ¢th transmitter’s
signal at the receiver in the nth communication cycle by <I>§"),

) (n)

+60" +al = ¢ + 0" + oV — 7

using (15), where Ti(") is the proposed algorithm’s estimate

of 95") — 91(1). The phase correction ozl(l) is considered to
be accurate and close to the theoretical value, as in the first
communication cycle, the whole search space is searched
exhaustively with a small step size instead of using a reduced
search space. Thus, putting the theoretical value of agl) from
(7) in (20), we have

o\ = ¢, + (20)

" = g+ 6" + g0 — (¢ + 6) — 7" on
=00+ (0"~ 61) = 7" = 6o + X"
where X = (6™ — 6V) — 7{") is the error in phase

alignment between the phase corrected ith transmitter’s signal
at the receiver and the reference phase ¢g.

To find the average power at the receiver, consider first the
normalized power output at the receiver,

2
N ™
J P
’21216
N
o (Bo+X M) ’

Py =

s, |mr e
- N N

by taking the common term e/?° outside the summation, and
using the identity |ab| = |a||b], a, b € C. The expected value
of Py using Proposition 2 of [39] is,

1)(Efcos(X™)])2.

(22)

E[Py] =1+ (N - (23)

Hence, the average power achieved at the receiver by the
proposed algorithm is

E[P] = N xE[Py] = N[1+ (N —1)(E[cos(X")])?]. (24)

Further, it is known that if ®x(jw
function of X, then

E[cos(X)] = R(®x (jw)) at

) is the characteristic

because  (25)

w =1,



® x (jw) = E[e’*X] = E[cos(wX) + jsin(wX)]
= E[cos(wX)] + j E[sin(wX)]. (26)
To proceed further, the distribution of X i(n) = (92(") — 01(1)) -

Ti(n) is required. A few works in the literature [36], [40],
[41] have discussed higher order statics of Nakagami-m phase
distribution, however, the required distribution of 91(") — 91(1)
has not been explored. Moreover, an exact analysis using the
closed-form phase distribution expressions of [35]-[37] leads
to complex formulations. Hence, we propose a tractable ana-
lytical approximations for the Nakagami-m phase distribution.
Since the nature of this distribution varies significantly for
m < 1 and m > 1, the approximations are derived separately.
Using these, the pdf and characteristic function of Xi(") are
evaluated and subsequently the expression for the achievable
average power estimate is obtained.

1) Case 1: m > 1: The presence of multiple peaks in
the Nakagami-m phase distribution for m > 1 motivates
approximating each of the peaks with a Gaussian distribution.

Proposition 2: For large values of m, the Nakagami-m
phase distribution can be approximated as a mixture of four
Gaussian distributions. The approximate form is given by

1

pol0) = 5 {N<j)’”, 02> +N<T, 02>
+N<Z, 02> +N(?’I, 02)], 27)

where § € [—7, ), and 02 = m
individual Gaussian distributions.
Proof: See Appendix C.

is the variance of the

Now, consider the pdf of 9§") — 02(1), which is equivalent
to the pdf of HZ(”) + 0, as pe(0) is symmetric about zero.
Assuming 6™ and 91(13 are independent, pdf of 6 — 0" is

) = po(6) ® po(6)
1%( 202) + (- 5. 20

+N(0, 20—2) +N<72r, 202)}, fel-mm) (28

Pon) _ 9<1>(

W~

using N (pa, 0°) ® N, 0°) = N(pa + pp, 20°), and
shifting by 27 where required. It can be noted from (28) that
the pdf of 01(") — 91(1) is another mixture of four Gaussian
distributions with Variance 202, and peaks or means y,l =

,4 located at —m, —7Z, 0, and,

To derive the pdf of X, o = & — oMy — 7™ from
the above, note that the value of TZ-( n) is chosen by the
proposed algorithm to minimize the error in phase alignment.
For example, for any sample point 95") — 0, the algorithm
chooses that estimate from the reduced search space set J
which is closest to the sample point. Thus, the selection
zone for any search point in J extends from the mid-point
between that search point and the preceding search point to
the mid-point between that search point and the succeeding
search point in the 0(") 9 pdf (wrapping around by 27
where required). Each of these selection zones is composed of

segments of the four Gaussians in (28)). Let the segment of
the /th Gaussian in the selection zone of the kth search point
di,k =1,2,---, D be denoted by N} ,, where ¢ denotes that
the Gaussian is truncated. The pdf of these truncated Gaussians
can be represented mathematically as

dp +dp—1 di + diyr
2 ’ 2

N~ A, 20%), | | e
where, di,_1 = dp — 2w for k =
for, k = D by phase wrapping. Further, subtraction of 7;
in X ") results in the shifting of the Gaussian segments by
fn) = dj. Pdf of the shifted Gaussian segments is given by

di—1 —dp dipt
2 b)

1 and dk+1 = dl + 27’)(
(

Nt~ N — di, 207), { 2_ d’“} (30)

Hence, the pdf of Xi(") is obtained by the superposition
of these truncated and shifted Gaussians, with component
weighted inversely proportional to the probability they carry.
Mathematically,

4 D

1 t s

)= 100> weiNi 3D
1=1 k=1

where x € [—7,7) and wy; represents the probability under

the segment of Gaussian [ with truncation limits determined

by the search point k. For example, the Srobability under

N(u,0?) in [a,b) is given by %(erf (% fa

Now, the characteristic function of Xi(n) would be given by
the weighted sum of the characteristic functions of N7

Consider the characteristic function of a truncated Gaussian
N (i, %), [a,b] given by

— erf

@G(jw) — ejuw722% |:90(E B ]EW) B QD(a B ]EOJ):| (32)

p(B) - #(@)
L1+etf (L))

where o = “FH, 3 = b_T“, and

p(k) =
Solving for the real part of (32),

Po(jw) = ——=—— | (cos uw + j sin puw
“)2mwwwh“+]“)

() () e

Let erf (573#) = p(w)+7jq(w) and erf (afg‘*’) =r(w)+
js(w) where,

)
Ao () ()] o
)
e () ()



=)}
1_erf<ai\/];w>+erf(a+\/];w) . 66)
ol
-1 erf<a_\/J;w>—ef(at}Ew) (37

i (COE pw ~+ j sin pw)
2(¢(8) — (@)
X |(p(w) = (@) + j(a(w) = s(@))]

2
e_E &

2(¢(8) — ¢(@))
x [(plw) = () cos o = (glw) = 5(w)) sin o).

Then, ®¢(jw) =

= %{@G(jw)} =

= R{F()}| _, = s

x |(p(1) = (1)) cos = ((1) = s(1))sinp]. (38)

D
— i Z Z wk’l%{q)}\/lzf (]w)}

w=1 =1 k=1

w=1
(39)
Equation (39) can be evaluated for the proposed reduced
search space method and its extended version.
Thus, the average power achieved at the receiver from (24),
(25), and (39) is

E[P]=N[1+ (N - 1)(R{®x(jw)}|_ _)*]

2) Case 2: m < 1: When m = 1, there are no peaks in
the Nakagami-m phase distribution, as it takes the form of a
uniform distribution. For m < 1, high probability peaks start to
emerge, however, the area under the peaks remains negligible
for m close to 1.

Proposition 3: For m — 1, the Nakagami-m phase dis-
tribution can be approximated as a uniform distribution. The
approximate form of the pdf is given by

(40)

p(0) ~ U[—7, 7). 41)
Proof: See Appendix D.
Based on (41), the pdf of 8 — 6" is
po—on (0) ~Ul—m,m) @ U[-m,m) = U[-m, 7). (42)

To derive the pdf of X = (8™ —6")—7{™ from the above,
note that the value of Ti(") is chosen by the proposed algorithm
to minimize the error in phase alignment. For example, for
any sample point 95") — 92-1), the algorithm chooses that TZ-(”)
from the set J which is closest to the sample point. Thus,
the selection zone for any search point in J extends from
the mid-point between that search point and the preceding
search point to the mid-point between that search point and
the succeeding search point in the 95") — 051) pdf. Hence, the

pdf of 91(") — 951) can be seen as constituting multiple uniform
distribution segments. The number of such segments depends
on the number of search points. Let {d;},k=1,2,---,D be
the search points in set 7, then, each uniformly distributed
segment around dj can be denoted as

dp—1+dp dry1 + dk)

2 ’ 2 '
Here, by using phase wrapping, dy—1 = dp — 27 for k = 1
and diy1 = dy + 27 for kK = D. Furthermore, subtraction of
7™ in X™ results in shifting of the uniformly distributed
segments by 7™ = dj. Hence, the pdf of X" is formed
by the superposition of shifted uniformly distributed segments
denoted by U, each weighted in proportion to the probability
they carry (to maintain a valid pdf). The pdf of X f")
mathematically represented by

D D
(n) s dp—y —dp diy1 —dy
X. ~ =
N N
k=1 k=1
44)

. Thus, the characteristic function of

U, ~U

(43)

can be

d —dy_
Where wg = %

X i(”) would be given by the weighted sum of the characteristic
function of the individual uniformly distributed segments.
The characteristic function of Ula, b) is given by:
edwb _gjwa

Geway w70

&y (jw) = E[e?V] =
o(jw) = Efei*V] {1 7
sinb — sina

- (45)

— R{Pu(jw)}| =

Therefore, the characteristic function of Xi(") atw=11s

D
R{®x(jw)}| =D wR{®u;(jw)}

k=1

5 3 (o () o ()
k=1

This can be evaluated for the proposed reduced search space
method and its extended version. Thus, the average power
achieved at the receiver from (24), (25) and (46) is

E[P]=N[1+ (N -1)R{®x(jw)}|, _,)?]-

w=1 w=1

(40)

47

B. Processing requirements

The processing overhead is analyzed in terms of number
of clock cycles required to execute the proposed methods at
the receiver. The clock cycles required in a microprocessor
based system is related to the type and number of floating-
point operations. We use CC3200 Texas Instruments Wireless
MCU for Internet of Things powered by Arm Cortex-M4 MCU
as a reference. This processor requires 1, 3, and 1 clock cycle,
respectively, for real floating-point addition, multiplication,
and comparison [42]. Table I shows the number of clock cycles
required for different steps in the proposed RSS and extRSS
methods and that in the closest competitive approaches of [25]
and [26]. A,, My, and C;; denote the number of floating point
additions, multiplications, and total number of clock cycles



TABLE I: Receiver-end processing requirements and energy consumption in the competitive methods

S.N.| Steps Method in [25] Method in | Proposed Proposed ex-
[26] RSS method tRSS method
N3 N2 N
Aq 5 T T3 0 0 0
1 Transmission matrix inverse My %3 + N72 + % 0 0 0
o | 224NN g 0 0
2 _
Individual signal extraction Az N N 0 0 0
2 (Transmission matrix inverse x Moy N2 0 0 0
Received signal)
Cy | 4N?2 - N 0 0 0
. A 4U(N —1 AUN 4Ur N 4U.r N
Weighted addition s’ = sg + s;e7? 3 ( ) R ek
3 where ¢ is changed from 0 to 27 in U | M3 4U(N —1) 4UN 4URrN AU.r N
or Ur or U.R steps
Cs3 16U(N — 1) 16UN 16Ur N 16U.r N
Ay UN-1) UN UrN UcrN
4 Magnitude of combined signal |s’|2 My | 2U(N —1) 2UN 2UrN 2U.r N
Cy TU(N —1) TUN TUrN TU.r N
As - - - -
5 Comparison of combined signal
strength Ms | - B B B
Cs (U-1)(N=-1) (U-1)N (Ur —1)N (Uer — 1)N
Asg 4(N —1) 4N —2 AN —2 4N —2
6 Combining signals for power gain
s = Zi\I:l s;edbi Mg 4(N —-1) 4N 4N 4N
Cs | 16(N —1) 16N — 2 16N — 2 16N — 2
Total number of clock cycles, C = Z?:1 C} 0(13) =|c® = | c® =|c® =
2N + B5N24 | 24UN  + | 24UgN + | 24U.rN +
4?5)]\7 + 24UN-— | 15N —2 15N — 2 15N — 2
24U — 15
Energy consumption in receiver-end processing, Ej %)VI C(Qf)VI C<3;VI %

Fig. 4: Nakagami-m phase distribution pdf for different values of m.

respectively in step g of the different methods. Also, U is the
number of search points in the competitive approaches and
Ur = 4 and U.r = 12 are the number of search points in
the proposed RSS and extRSS methods respectively after the
search space reduction.

The total number of clock cycles indicates that the computa-
tions in [25] increase O(NN?), whereas the computations in the
proposed RSS and extRSS methods increase O(N). Further,
since the number of clock cycles is proportional to the number
of search points, computations are significantly decreased by
the proposed reduction in search space compared to [26].
Through numerical plots in Section VI, it is also shown that
despite a slight increase in search space in the extRSS method
as compared to the RSS method, the computations are still
significantly lower compared to the competitive approaches.

C. Energy consumption

Table 1 shows the analytical expressions derived for the
energy consumption in processing £, in the proposed meth-

ods and the closest competitive approaches. [, is directly
proportional to the total number of clock cycles required for
processing and is given by %, where V' is the operating
voltage, I is the current consumption, and f is the operating
frequency of the processor. Therefore, F, is linear in N in the
proposed RSS and extRSS methods. On the other hand, the
approach in [25] has significantly higher energy consumption,
especially when N increases, as F,, increases as O(N3).
Further, as seen from Table I, E), is also linearly dependent
on the number of search points.Hence, the proposed RSS and
extRSS methods reduce the energy consumption in processing
by significantly reducing the search space to Ur = 4 in the
proposed RSS method and U.r = 12 in the proposed extRSS
method. It may also be noted that the proposed methods and
the closest competitive methods primarily rely on receiver-
end processing for phase correction; they do not involve any
transmitter-end processing. It is noteworthy that the proposed
RSS and extRSS methods significantly reduce the processing
energy consumption without any additional communication
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overhead. Both the proposed methods and the method in [26]
require N Er, + N Eg, for synchronization between NV trans-
mitters and the receiver, where Er, and Epr, are respectively
the energy consumption in one wireless transmission and one
wireless reception. In contrast, the receiver-end method in [25]
requires N?2Er, + NEg, energy for synchronization, which
is much higher and increases as O(N?).

VI. PERFORMANCE RESULTS

The performance of the proposed methods was studied via
MATLAB simulations. The wireless communication system as
described in Section II was modeled with varying numbers of
transmitters N and a single receiver. Each transmitter signal
was subject to AWGN and a uniformly distributed initial
phase offset of the transmitter’s local oscillator. The channel
phase shift between each transmitter and the receiver was
simulated by drawing random samples from a Nakagami-m

100
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Fig. 8: Scatter plot on instantaneous power gain at the receiver as a
function of m, for K = 0.5, N = 2.

phase distribution [35], and the m parameter was varied to
model different levels of fading severity. At the receiver, the
proposed methods were applied to the received signals. The
key performance metric for evaluation was the normalized
power gain at the receiver as defined in Section II. This
value was averaged over 1000+ iterations to ensure statistical
reliability. The common system parameters considered are as
follows: f. = 2.4 GHz, a; = 1, A; =1V, and A = 0.1
radian. Throughout the section, Nakagami-m fading channel is
considered between each transmitter and the receiver. Further,
¢; ~ U|—m, 7). AWGN with SNR = 20 dB is considered.
These MATLAB simulations are also validated against numer-
ical plots from the analytical formulations derived in Section
V. In this section, the processing requirements and energy
efficiency of the proposed methods are also evaluated. For
this, a low-power wireless MCU based on Arm Cortex M4 is
used as reference.
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A. Performance of extRSS method for different K values

Fig. 5a shows the numerical and simulation results on
average power gain achieved at the receiver using the extRSS
method for different values of K for m > 1. It can be
observed that while lower values of K provide higher gain
for large values of m, there is a significant dip in power
gain at low values of m, as the search points are clustered
together, whereas the high probability areas are diffused. For
K = 0.5, a stable gain of approximately 99% is achieved for
all values of m. If K is increased further, average power gain
falls, as now the additional search points are very close to
the low probability troughs and are not able to contribute to
a significant power gain increase. Thus, K = 0.5 is able to
achieve near-perfect average power gain independent of the
severity of fading. Analytical plots corroborate the simulation
results; the slight deviation for low values of m is due to
the lower accuracy of the Gaussian mixture approximation
(Proposition 2) for these values of m in the analysis.

For m < 1, the average power gain with extRSS method
for different values of K (shown in Fig. 5b) has the same
trend, with K = 0.5 providing a higher and stable gain
across all values of m < 1. The small difference in numerical
and simulation plots for lower values of m is due to the
lower accuracy of the uniform distribution approximation
(Proposition 3) in the analysis.

Remark 3. Proposed extRSS method with K = 0.5 achieves
near-perfect and fading agnostic average power gain at the
receiver.

B. Power gain with proposed reduced search space methods

Fig. 6 shows the numerical and simulation results on av-
erage power gain versus m in the proposed RSS and extRSS
methods with K = 0.5 for different values of N. The receiver
achieves a near-perfect power gain in strong LOS conditions
(m > 1) with the proposed RSS method. This performance
demonstrates the applicability of the proposed RSS method
for practical scenarios requiring energy-efficient collaborative
transmissions, such as short-range communications, radiative
wireless power transfer, or fixed backhaul communication
links, where the LOS component can be dominant [27],
[28]. As explained in Section IV, the RSS method is based
on approximating the search space by exploiting the high
probability areas of the channel phase distribution. Hence,

g ORSS

o —~1041L

Z =10 extRSS

= e §-Method in [25]

2 g 4= Method in [26]

3

> 2

a0 &

g g1 4 000 ANOO0E
VavavelaVa e

= 71 30 40 50

2
Number 0? transmitters, NV

Fig. 10: Comparison of energy consumption in processing in the
proposed and competitive methods.

there is a slight degradation in the achieved average power
gain for small values of m (weak LOS /non-LOS conditions),
as the high probability areas are more diffused in this region.
However, it can be noted that the proposed RSS method
still works reasonably well. For m < 1, the performance is
evaluated for the small range of permissible 0.5 < m < 1
values. As the high probability areas are very diffused in
this region (with the pdf — uniform distribution as shown
in Proposition 3), the performance is slightly degraded here
as well. As anticipated, the poorest performance is noted at
m = 1 when the pdf is uniformly distributed and there are
no high probability areas, with average power gain > 80%.
The proposed extRSS introduces 8 additional search points in
the lower probability areas compared to RSS. This additional
overhead compensates for the diffused high probability areas
and achieves near-perfect average power gain at the receiver
for all values of m, providing a complementary solution to the
RSS method. Closely matched simulation results validate the
analytical approximations.

The plots in Fig. 7 indicate that the average power gain at
the receiver does not significantly reduce with N. In the RSS
method, the gain saturates to + Py — (IE[cos(Xi(n))])2 as
N — oo [39], leading to an average power gain of 81.14% in
the worst case of m = 1. The small reduction in gain is due
to the accumulated de-synchronization errors as N increases.
Significant improvement in average power gain in the proposed
extRSS method is observed for large values of N as well.
It may also be noted that the numerical plots for m = 1
and m = 0.5 exactly overlap, as the analytical expression for
average power gain is independent of m for m < 1.

Fig. 8 shows the scatter plots of power gain in different
methods under fast fading conditions with N = 2. The
approach in [25] has significant gain variation under varying
fading conditions, as it assumes slow fading channel for tem-
poral extraction of signals across multiple time slots, and hence
it is not fading-robust. The method in [26] achieves stable
near-perfect gain; however, since it uses exhaustive search
for high accuracy phase corrections, it is computationally
intensive. In the RSS method, power gain has only minor
variation for high values of m, i.e., with strong LOS. It has
reduced computational overhead at the cost of approximation
of the search space based on high probability areas. For low
values of m, increased gain variation is observed, as the
high probability areas are diffused. Thus, the RSS method is



more suited in strong LOS conditions. In contrast, the extRSS
method achieves near-perfect power gain at all values of m,
at a marginally increased search overhead, thus showcasing
its fading agnostic gain and channel tracking capability even
under fast fading conditions. Thus, extRSS offers a comple-
mentary method that trades between computational complexity
and phase alignment accuracy.

Remark 4. The receiver can seamlessly switch between the
RSS and extRSS without any transmission overhead, based on
the achieved power gain at the receiver under the prevailing
fading conditions to balance between performance gain and
energy consumption objectives.

C. Processing requirement and energy consumption

Fig. 9 compares the processing overhead in executing the
different competitive methods using the analysis summarized
in Table 4. The overhead is noted to be significantly reduced
in the proposed methods compared to those in [25], [26]. The
computational requirement is increased slightly in extRSS,
though it is still much lower than the closest competitive
methods. The processing energy consumption F, is shown
in Fig. 10. The plots demonstrate that the proposed methods
are highly energy-efficient compared to the competitive ap-
proaches. The results further corroborate the scalability of the
proposed methods, as the energy saving increases with N.

VII. CONCLUSION

This paper presented lightweight phase synchronization
methods for resource-constrained nodes to achieve DBF-like
received power gains. Power gain was achieved by using blind
receiver-end phase estimation and correction, with only one
transmission per transmitter. The receiver-end processing was
vastly reduced by transforming the original N dimensional
hypercube search space into N one-dimensional searches and
then by exploiting channel phase distribution characteristics to
reduce the search space for each one-dimensional problem.

The proposed methods exploit the nonuniform Nakagami-
m channel phase distribution to significantly reduce the phase
correction search space, and they do not require the knowl-
edge of m. They together provide energy-efficient phase
synchronization in diverse fading conditions. It was shown
that in strong LOS conditions the RSS method with only
4 search points per transmitter is sufficient to achieve near-
perfect power gain; even in weak LOS, the average power
gain is above 80% of the ideal value. The extRSS method
demonstrated fading severity agnostic near-perfect power gain
with 12 search points per transmitter. These methods offer
significantly reduced processing overhead compared to the
closest competitive methods in the literature. They can enable
practical deployments in energy-constrained wireless systems,
including environmental monitoring, emergency communica-
tions, and distributed MIMO networks.

Future research directions include addressing system non-
idealities such as imperfect frequency and time synchro-
nization, non-ideal orthogonality, and operation in low-SNR
regimes.

APPENDIX
A. Proof of Proposition 1
Proof. Based on (4), (5) and the text below it, the receiver-
end processing in the proposed phase synchronization problem
requires solving the following optimization problem:

N 2

Z ej(¢i+9i+0u)

i=1

.t (CD:0< ;<21 Vie{l,---,N}

(P1) : arg max

(A.1)

We consider the Cauchy-Schwarz inequality given by

N 2N
PRI ‘ea(aﬁbi)
i=1 i=1

with the maximum value reached when a; = b; Vi €
{1,---, N}. Hence, (A.1) is maximized when ¢; + 0; + o; =
0 Vie{l,---,N}. It can also be easily seen that the maxi-

2
= N2 (A.2)

mization holds even when ¢;+6;,+a; = ¢p9 Vi€ {1,--- ,N}
where ¢g is an arbitrary phase, as

N 2 N 2

LHS of (A.2) = Zej(‘“_b” = eldo
i=1 b i=1 (A3)
= |el%0 Z 1| =N2
i=1
]

B. Proof of Corollary to Proposition 1
Proof. From Proposition 1, we have

‘Ziv_lej(¢i+9i+aij2’ 0 < o; <2 Vi € {]_7 7]\/'}7
which is maximized by ¢1 +01 + a1 = o+ s+ g =--- =
ON + 0N+ an. )

This can be generalized as ‘Ei]\ileﬂ’i’ , 0 < o <
2r Vi € {1,---,N}, and is maximized by ®; = $, =
-+« = ®y where {®;} may be any phase variables.

Let N = 2, (I)l = d)() and (I)Q = ¢z + 01 + «;. Then,
|eido —|—ej'(¢"""9”""al)|27 0<a; <2r Vie{l,---,N}is
maximized by ¢g = ¢; +60; + «;. Therefore, ¢; +60; + a; = ¢g
is an optimal solution of |ei?0 4 i (¢it0ited|” 10 < o; <
or Vie{l,---,N} O

C. Proof of Proposition 2

Proof. Consider the Nakagami-m phase distribution,

D(m)|sin(20)™ "
272 (%)

po(0) = = F(m)|sin(20)|""", (C.1)

where 6 € [—7,7) and F(m) = 55 In (C.2), we divide

the domain into four segments in (C.3), we write them in

terms of shifted cosine functions. Consider the Taylor series

expansion of cos? z,

2 4 6
6!

cos? x = 1—qx—+q(3q—2)%—q(15q2—30q+16)x

(C4)
For large values of ¢, (C.4) can be simplified as
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Hence, comparing (C.5) and (C.6) and neglecting the higher n
order terms we have Applying the Stirling formula given by n! ~ 27rn ;
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It is notable from (C.10) that for large integer values of m,
KC(m) — 1. The trend holds for non-integer values as well
as confirmed from the plot in Fig. 12. This is also indeed the
requirement to make this approximation of py(f) a valid pdf.
Hence, for large values of m, we have,

o () ()

+N(Z, 02> +N(3I, 02”. (C.11)

The plots in Fig. 13 indicate that Gaussian mixture approxi-
mation (C.11) is a good match for the Nakagami-m phase pdf
(C.1), even for comparatively smaller values of m. O

D. Proof of Proposition 3

Proof. To prove the uniform distribution approximation of
Nakagami-m distribution for m < 1, we need to show that the
area enclosed by the peak regions is negligible for m — 1.

Consider the interval [0, 5) which covers one peak of the
Nakagami-m phase distribution when m < 1. As can be seen
from Fig. 14, the Nakagami-m phase distribution is symmetric
about 0 and 7, as py(—0) = pe(0) and py(n/2 + 0) =
po(m/2—0) respectively where, py(9) is defined in (10), hence,
the total area (probability) under f(6) for 6 € [0, %) is ;.

Now, consider the minimum point of f(#), occurring at § =
7 (using first derivative of f(6)):

I'(m)

)
),
The area Apcqi enclosed in a peak is approximated as the
area under the curve f(f) minus the rectangular area in 6 €

[0, 7) below f(@)’ez%. Thus, Apear = 1 — T x f(a)‘ezg is:

1 w['(m)

17 arE(Ey (D.2)

Apealc =

Fig. 15 shows the plot of total area (probability) enclosed in
the four peaks for m < 1 based on (D.2). It can be observed
that, despite the impulse-like appearance of the peaks, the area
enclosed by the peaks is insignificant when the value of m is
close to 1. Thus, uniform distribution is a reasonably accurate
approximation of Nakagami-m phase pdf for m — 1=. [
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