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Multiaccess Performance Optimization Via Joint
Phase and Polarization Beamforming

Srishti Sharma and Swades De

Abstract—This paper studies the performance improvement
of a multi-user downlink system via polarization design at the
transmitter such that the gains at the desired locations are
maximized. To this end, a weighted sum rate maximization
problem is formulated, constrained under total power, polar-
ization norm, and a minimum signal-to-interference-and-noise
ratio guarantee to the users for simultaneous transmission (ST),
and its performance is compared with time-shared transmission
(TT). As a solution strategy, weighted minimum mean square
error based and fair resource allocation algorithms have been
proposed to optimize ST and TT respectively with only long-
term channel statistics as well as with channel state information
(CSI) at the transmitter. Weighted sum rate performance is
theoretically studied for long-term channel statistics. Branch-and-
bound approach and the duality gap are considered to validate
the optimal resource allocation with CSI for small-scale and large
scale scenarios, respectively. Simulation results show that the
proposed joint phase and polarization beamforming consistently
enhances the multiaccess performance with respect to only phase
beamforming, with average gain of about 23% and 6% with CSI
and 89% and 4% with long-term channel statistics for ST and
TT, respectively. We also study the performance of the proposed
beamforming strategies with imperfect CSI and non-orthogonal
multiple access-based ST to capture practical scenarios.

Index Terms—Joint beamforming, weighted minimum mean
square error (WMMSE), simultaneous transmission, time-shared
transmission, dual polarization, channel state information (CSI)

I. INTRODUCTION

The increasing demand for higher data rates and improved
spectral efficiency in wireless communications has driven
significant research on efficient multiaccess strategies. Several
orthogonal and non-orthogonal multiaccess schemes and their
combinations have been developed with the common objective
of interference mitigation and spectral efficiency optimization
[1], [2]. Many of these approaches rely on manipulating fun-
damental properties of electromagnetic (EM) waves, such as
time, frequency, and spatial dimensions, as well as transmitter-
or receiver-side signal processing techniques like beamforming
and interference cancellation (IC) [3], [4], [5].

Beamforming technology in particular has played a central
role in improving the performance of multi-user systems
employing multiple antennas such as time division multiple
access (TDMA), space division multiple access (SDMA), non-
orthogonal multiple access (NOMA), rate-splitting multiple
access (RSMA), and multi-user multiple input multiple output
(MIMO) [4], [6], [7], [8]. Several precoding strategies have
been proposed that optimize signal power and phase to manage
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interference [9], [10]. However, an inherent property of EM
waves, polarization has been relatively underutilized despite
offering an additional gain in the signal space which can be
leveraged to improve the system performance.

Recent advancements have shown that polarization can
enhance communication through modulation [11], [12], mul-
tiplexing [13], and diversity techniques [14], [15]. Moreover,
dual-polarized antenna systems are increasingly used in multi-
ple antenna setups to reduce spatial correlation and pack more
antennas into limited physical space [16].

A. Literature Review and Motivation

Growing realization on the importance of polarization has
prompted the integration of polarization-based techniques in
wireless communications. Recent studies have explored dual-
polarized channel estimation [17], phase beamforming in dual-
polarized systems [18], and RIS-aided dual-polarized systems
[19], [20]. Polarization has also been applied in spatial mod-
ulation [11], spatial multiplexing [21], and channel modeling
[22], [23], [24]. Interest in dual-polarized systems is driven
by the inherent orthogonality of polarization. When combined
with other transmission modes, this polarization orthogonality
can be extended to support multi-user systems, making it
highly attractive for next generation communications.

Several works have considered polarization in multi-user
systems to achieve near optimal performance through low
complexity beamforming techniques. The performance of
these approaches hinge on the accuracy and timeliness of
channel state information (CSI). The research in [25] compares
the performance of classical linear precoders such as minimum
mean square error (MMSE), zero forcing (ZF) and maximal
ratio (MR) in dual-polarized multi-user system under perfect
CSI. Others, such as [26], investigate dual-polarized RSMA
with CSI estimation in every coherence interval, under imper-
fect IC. Limited feedback hybrid beamforming with practical
antenna radiation pattern is considered in [27]. The researchers
in [28], [29] demonstrated the ability of polarization-division
multiple access in serving two users simultaneously by adjust-
ing transmitter or receiver parameters.

Though CSI availability increases accuracy, it is computa-
tionally expensive and quickly becomes outdated in high mo-
bility scenarios, thus degrading the performance. For reduced
complexity in dynamic environments, precoding designs under
long-term statistics proposed in [8], [30] showed promising
performance under polarization multiplexing and diversity.
The impact of imperfect CSI has been addressed through regu-
larized ZF and signal to leakage and noise ratio based precod-
ing strategies [31], [32]. Dual structured linear precoding for
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dual polarization multi-user secure communication has been
proposed in [33] with both perfect and imperfect CSI. The
above-cited works show that beamforming has been employed
in performance enhancement of various dual-polarized com-
munication systems. However, these beamforming techniques
do not utilize all the possible states of polarization; instead
they restrict to certain scenarios of power and phase relation
between the polarization basis. Moreover, these techniques do
not discuss the optimal state of polarization for transmission.

The work in [34] aimed spectral efficiency maximization
via polarization optimization, however the analysis consid-
ered only linear polarization. Hybrid polarized beamforming
optimization was proposed in [35], where the total transmit
power is equally divided among the users. To mitigate channel
depolarization, in [36] power allocation across two orthogonal
polarization components was studied in a single-user scenario.
We note that, the existing works did not jointly optimize
transmit power, phase, and polarization in a multi-user system;
they often impose simplifying assumptions on the polarization
state or do not ensure minimum rate guarantees. Some works
considered minimum rate constraints for sum rate maximiza-
tion, but only in single-polarization systems [37], [38]. To
this end, we argue that detailed study on polarization-aware
communication is crucial as it enables improved quality of ser-
vice in user-specific channel conditions, including orientation
mismatch and mobility scenarios.

Recognizing the increasing relevance of polarization in
communication systems, this work explores joint optimization
of polarization along with phase in the broader context of
multiaccess. In this work, polarization beamforming along
with phase beamforming is termed as joint beamforming. The
proposed joint beamforming design in multi-user downlink
scenario aims to maximize the weighted sum rate subject
to transmit power, polarization stability (i.e., unit polariza-
tion norm), and minimum signal-to-interference-and-noise ra-
tio (SINR) constraints. The performance is analyzed in a
simultaneous transmission (ST) while using a time-shared
transmission (TT) as a benchmark as it captures no inter-
ference scenario. The iterative weighted MMSE (WMMSE)
precoder is used to maximize the sum rate for ST [39].
The proposed approach complements the study in [40] which
did not consider the effect of polarization in WMMSE-based
sum rate maximization. The joint beamforming performance
is compared with phase beamforming for ST and TT. We
emphasize that the proposed joint beamforming method is
general and can be employed in other multiaccess strategies.

B. Contributions and Significance

The inclusion of polarization increases the dimensionality of
the problem due to the consideration of dual-polarized channel
model which involves the product of complex matrices. Keep-
ing these aspects in mind, the following contributions are made
through this work.

1) We analyze the multiaccess performance through joint
beamforming and capture the gain with respect to only
phase beamforming, thereby highlighting the benefits of
effectively using the signal polarization in beamforming.

2) The proposition of joint beamforming is investigated in
multi-user system with dual-polarized antennas at the
base station and users for ST and TT scenarios. To
analyze the performance, beamforming matrices for the
two strategies are designed and the weighted sum rate
maximization problem is formulated for ST and TT.

3) We integrate the polarization aspects in the classical
WMMSE framework and formulate the CSI-based and
long-term channel statistics based iterative approaches for
maximizing the weighted sum rate performance for ST
under total power, polarization norm, and SINR guaran-
tee constraints. We derive polarization-integrated MMSE
receive filter and user weights considering dual-polarized
channel model and formulate alternating optimization
problem for iteratively computing beamformers and op-
timal power distribution. For a fair comparative study of
ST and TT performance, a resource allocation algorithm
is proposed to solve the optimization formulated for TT.

4) The SINR constraint is convexified using polarization-
integrated second-order cone programming (SOCP) and
an approximate SOCP constraint is considered under
long-term channel statistics. A rate-based iterative ap-
proach for weight optimization is used to maintain fair-
ness among the users. Performance is studied under
varying channel conditions and system configurations.

5) Closed-form expressions of the system performance are
derived in terms of Rician K factors, channel cross-
polarization discrimination (XPD), and optimal phase,
polarization, and power. The expression for WMMSE-
based average weighted sum rates in ST and upper bound
for TT are provided in terms of channel parameters.
Computational complexity of the proposed algorithms for
ST and TT are computed.

6) To capture real environmental scenarios, the proposed
beamforming strategies are analyzed with ST for two
cases: (i) impact of imperfect CSI and (ii) impact of joint
beamforming on NOMA performance.

We further emphasize that the joint beamforming is par-
ticularly important in multiaccess systems, where efficient
interference management and scalable user support are critical.
Consequently, joint beamforming is a key enabling technique
for realizing the full potential of dual-polarized systems in
contemporary and future wireless communication networks.

Remark 1. To the best of our knowledge, this is the first work
that jointly optimizes polarization and phase beamforming in
a multi-user system with user-specific SINR guarantee, thereby
advancing polarization-aided multiaccess design.

C. Paper Organization
The paper is organized as follows. Section II presents the

wireless system configuration for studying the impact of joint
beamforming. In Section III, weighted sum rate maximization
problem is formulated under ST and WMMSE-based algo-
rithms are proposed. The weighted sum rate maximization
problem under TT is formulated in Section IV and algorithms
are proposed to solve it. Performance results are presented in
Section V, followed by the concluding remarks in Section VI.
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Fig. 1: System model for multi-user transmission.

II. SYSTEM MODEL WITH DUAL-POLARIZED ANTENNAS

A. System Configuration

We consider downlink multi-user data transmission in a
multi antenna system composed of one base station and U
users. The base station is equipped with uniform linear array
of N dual-polarized antennas and each user is equipped with
a single dual-polarized antenna. Each dual-polarized antenna
is composed of collocated horizontal and vertical polarized
components. Polarization design is achieved by controlling
the effective polarization formed at each antenna by means
of dual-polarized antenna. Polarization vector of the nth

transmitter antenna and uth receiver antenna can be written
as tn ∈ C2×1 and qu ∈ C2×1, respectively. We analyze
the user performance under two different conditions: (a) CSI
available at the transmitter: resource allocation is based on
instantaneous channel estimation which is performed in every
coherence interval, (b) Long-term channel statistics at the
transmitter: resource optimization is based on the channel
statistics such as mean and variance. Table I lists the key
notations and symbols used in this work.

B. Channel Model

In this work, we model dual-polarized channel as a Rician
fading channel which is composed of a constant component
and a random component, and the overall channel gain is

H =

√
K

K + 1
H̃ +

√
1

K + 1
Ĥ (1)

where K is the Rician K-factor and the gain matrix H is

H =


[H11] [H12] · · · [H1N ]

[H21] [H22] · · · [H2N ]

. . · · · .

[HU1] [HU2] · · · [HUN ]

 ∈ C2U×2N . (2)

H̃ and Ĥ represent the line of sight (LOS) and the non-LOS
(NLOS) components. In (2), Hun = [hhh

un, h
hv
un;h

vh
un, h

vv
un], u ∈

S1, n ∈ S2 is a block matrix denoting the link between
nth transmitter antenna and uth user antenna describing the
relation between co-polarized and cross-polarized components.

During wireless propagation, signal undergoes reflec-
tion, refraction, diffraction, and scattering leading to cross-
polarization leakage, which changes the polarization of the
EM wave at the receiver. This polarization alteration ability
of the wireless channel on propagation is termed as XPD.
XPD phenomenon only causes exchange of energy between
the two orthogonal polarization and does not cause any loss
of energy from or within the channel. As XPD is the fast

TABLE I: Notations and symbols
Parameter Description
(·)T , (·)H Transpose, conjugate transpose
| · |, || · || Absolute value and Frobenius norm
⊗, ⊙ Kronecker product, Hadamard product
1U×N U ×N matrix with every element 1

0 Zero matrix
E[·], ∀, ∈ Expectation operator, for all, belongs to

R, C Set of real and complex numbers
N (µ, σ2) Normal Distribution; parameters µ & σ2

Pt, K Transmit power, Rician K Factor
tn Polarization vector of nth transmitter
qu Polarization vector of uth receiver

H̃, Ĥ LOS and NLOS channel matrix
κw
mn,u Transmit correlation (m,n) for user u
ϱwul,n Receive correlation (u,l) for BS antenna n
Wu Weight matrix for phase beamforming
Vu Polarization matrix
Pu Power amplitude matrix
N Number of dual-polarized antenna at BS
U Number of users

αLu, Polarization leakage in LOS path
αNu Polarization leakage in NLOS path
du, Distance between BS and user u
ξu Large scale fading coefficient

αp, Fu Path loss exponent, Shadow fading
Γ Average channel gain at 1 m
ϖ learning rate for WMMSE
γs
th, Threshold SINR for ST
γt
th Threshold SNR for TT

Superscript c CSI available
Superscript l Long-term channel statistics available

Superscript s & t ST and TT respectively
Superscript r & i Real and imaginary parts respectively

Subscript u uth user
Sets S1 = {1, · · · , U}, S2 = {1, · · · , N},

S3 = {hh, hv, vh, vv}, S4 = {c, l}
S5 = {r, i}

fading part of the channel, we consider it to be independent of
the transmitter antenna element. Keeping energy conservation
principle in mind, we define XPD for the LOS and NLOS path
between transmitter and u-th receiver as [25]

XPDLu =
E{|h̃hh

u |2}
E{|h̃vh

u |2}
=

E{|h̃vv
u |2}

E{|h̃hv
u |2}

=
1− αLu

αLu
(3)

XPDNu =
E{|ĥhh

u |2}
E{|ĥvh

u |2}
=

E{|ĥvv
u |2}

E{|ĥhv
u |2}

=
1− αNu

αNu
(4)

with 0 ≤ αLu, αNu ≤ 1. Symmetric leakage for horizontal
and vertical polarization is assumed [23].

Next, based on XPD, we define constant and random
components of the channel. LOS channel between the nth

transmitter and uth receiver, H̃un, if present, can only be
impacted by the channel XPD and can be expressed as

H̃un = X̃u =

[√
1− αLu

√
αLu

√
αLu

√
1− αLu

]
. (5)

Using the Kronecker model, NLOS channel between nth

transmitter and uth receiver, incorporating channel XPD is

Ĥun = X̂u ⊙ Gun (6)
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and X̂u captures the polarization leakage given by

X̂u =

[√
1− αNu

√
αNu

√
αNu

√
1− αNu

]
. (7)

Gun has i.i.d. circularly symmetric complex Gaussian entries
with entry gwun ∼ C N c(0, 1), w ∈ S3.

As multiple dual-polarized antennas are located at the base
station, and multiple users are being served together by a single
beam, spatial correlation in fading is also incorporated into
the channel model. The spatial correlation may arise when
scattering is not rich enough to decorrelate the elements of the
channel matrix. The transmit correlation coefficient between
mth and nth transmit antennas for user u is given by

κw
mn,u =

E[hw
unh

w∗
um]√

E[|hw
um|2]

√
E[|hw

un|2]
=

E[hw
umhw∗

un ]

φu
,m ̸= n. (8)

Similarly, the receiver correlation coefficient between uth and
lth user for the nth transmitter antenna is given by

ϱwul,n =
E[hw

unh
w∗
ln ]√

E[|hw
un|2]

√
E[|hw

ln|2]
=

E[hw
unh

w∗
ln ]

φu
, l ̸= u. (9)

where w ∈ S3. Here φu = 1 − αNu if w ∈ {hh, vv},
and φu = αNu otherwise. Since horizontal and vertical
polarized antennas are colocated, they see the same scattering
environment. Thus, equal statistical properties can be assumed
across all four polarization channels, i.e., κhh

mn,u = κhv
mn,u =

κvh
mn,u = κvv

mn,u and ϱhhul,n = ϱhvul,n = ϱvhul,n = ϱvvul,n. Therefore,
the NLOS channel can be expressed as

Ĥ = (1U×N ⊗ X̂)⊙ (C
1
2
r GC

1
2
t ). (10)

where Ct ∈ C2N×2N and Cr ∈ C2U×2U are the transmit and
receive spatial correlation matrices respectively.

Remark 2. It is notable from [24] that the cross polarization
correlation is substantially less and its impact on systems sum
spectral efficiency is negligible [25]. Thus, in this work we
do not consider cross polarization correlation to keep the
mathematical notation relatively simple.

With the above channel model, we next formulate weighted
sum rate optimization problem in multiaccess system using
WMMSE algorithm for joint beamforming with long-term
channel statistics as well as with CSI available at transmitter.

III. PERFORMANCE OPTIMIZATION IN ST SCENARIO

In this section, we consider a scenario where all users are
served simultaneously. Input symbol at each dual-polarized
antenna is the weighted combination of elements of the symbol
vector s = [s1, s2, · · · , sU ]T ∈ CU×1 where su is the desired
symbol of uth user which is assumed to be independent
with an average power of one, i.e., E[|su|2] = 1. The signal
observed at the user u is given by

ysu = qH
u HuWuTsu + qH

u Hu

U∑
j=1,j ̸=u

WjTsj + nu (11)

where Hu = [Hu1,Hu2, · · · ,HuN ] ∈ C2×2N and Wu are
the propagation channel and beamforming matrix of user u.

T = [t1, t2, · · · , tN ]T ∈ C2N×1 is the transmit polarization
vector. Wu is the block diagonal matrix whose nth diagonal
element corresponds to the complex weights for the nth-uth

dual-polarized link. SINR for user u can be expressed as

γs
u =

|qH
u HuWuT|2∑U

j=1,j ̸=u |qH
u HuWjT|2 + σ2

0

. (12)

Thus, average weighted sum rate for ST is given by

RST = E

[
U∑

u=1

βu log2 (1 + γs
u)

]
(13)

where βu > 0 denotes the priority of uth user to maintain
fairness among the users. In the following subsections, we
first define the beamforming terminology and then optimize
the weighted sum rates for phase and joint beamforming.

We now present the beamforming possibilities with two
aspects of EM waves, namely, phase and polarization.

1) Phase beamforming: In phase beamforming, the phase
among multiple received signals are aligned at the desired
location. In this case, the weight associated with each block
matrix Wun becomes a complex scalar wun for the nth

transmitter and uth receiver pair; its amplitude is responsible
for imparting power through phase synchronization. Therefore,
for this scenario the weight matrix Wu can be written as

Wu =


wu1[I2] [0] · · · [0]

[0] wu2[I2] · · · [0]
. . · · · .

[0] [0] · · · wuN [I2]

 ∈ C2N×2N . (14)

2) Joint beamforming: : It refers to both phase and polar-
ization control for maximizing the SINR of the individual user.
By phase control, our target is the same as discussed in the
above subsection. By polarization control, we try to control the
polarization of each received signal such that the desired signal
components align constructively (maximum possible) with the
receiver polarization and the undesired signal components
align orthogonal (maximum possible) to the received signal.
For joint beamforming, we split the weight matrix as

Wu = PuVu (15)

where Vu is a block diagonal polarization matrix given by

Vu =


[Vu1] [0] · · · [0]
[0] [Vu2] · · · [0]
. . · · · .

[0] [0] · · · [VuN ]

 ∈ C2N×2N . (16)

The individual block matrix Vun is responsible for optimal
phase and polarization design of the nth transmitter antenna
with respect to the uth receiver. The power amplitude matrix
Pu for user u can be written as

Pu=


√
pu1[I2] [0] · · · [0]
[0] √

pu2[I2] · · · [0]
. . · · · .

[0] [0] · · · √puN [I2]

 ∈ C2N×2N . (17)
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Each entry of matrix Pu is real. The power allocated to the nth

dual-polarized antenna for the uth user is pun. From the weight
matrices in (14), (16), and (17), we observe that polarization-
aided beamforming increases the dimensionality of the system.
We first formulate the optimization problem with phase beam-
forming and then present the joint beamforming case.

A. Sum Rate Maximization with Only Phase Beamforming

Weighted sum rate maximization for ST is formulated as

(P1) : max
W

RST (18a)

s.t.
U∑

u=1

N∑
n=1

|wun|2 ≤ Pt (18b)

E[γs
u] ≥ γs

th ∀u ∈ S1 (18c)

where W = [W1,W2, · · · ,WU ] and γs
u is the SINR. The

objective in (18a) is non-convex with respect to W. Constraint
(18b) ensures that the total power of base station antennas does
not exceed a given power budget Pt. The SINR guarantee
constraint in (18c) is non-convex. It ensures that users being
simultaneously served must have SINR above a threshold γs

th.
Thus, P1 is non-convex. Next, we describe a methodology to
convexify (18a) and (18c) and solve P1 considering CSI avail-
able and only long-term channel statistics at the transmitter.

1) Solution strategy with CSI available at transmitter: In
this scenario, we consider that perfect CSI is available at
the transmitter. Thus, the channel varies at block level and
optimization is solved dedicatedly for each coherence block.
First, we convexify the constraint in (18c). In the presence
of CSI, E[γs

u] = γs
u. If WuT is the solution then WuTejθu

is also another solution, for any θu ∈ R. Without loss of
optimality, we exploit this phase ambiguity to rotate the phase
such that the inner product qH

u HuWuT is real valued and
positive. Therefore, condition γs

u > γs
th can be rewritten as

1√
γs
th

ℜ{qH
u HuWuT} ≥

√√√√√ U∑
j=1
j ̸=u

|qH
u HuWjT|2 + σ2

0 . (19)

The reformulated SINR constraint is the SOCP constraint,
which is convex. To solve P1, we utilize the popular WMMSE
algorithm to transform the objective in (18a) into convex form.
The estimated data symbol at the receiver is ŝu = acuy

s
u where

acu ∈ C is the complex receiver gain with CSI for user u. Next,
we compute mean square error (MSE) at the uth user for the
considered dual-polarized channel model given as

ecu = Esu [||ŝu − su||2]=
U∑

j=1

|acu|2|(qu)
HHuWjT|2 + 1

− (acu)
∗(HuWuT)Hqu − acu(qu)

HHuWuT + |acu|2σ2
0 .

(20)

Under the above modification the optimization problem (P1)
under the WMMSE framework can be written as

(P2) : min
W,bc,ac

U∑
u=1

βc
u(b

c
ue

c
u − log2 b

c
u)

s.t. (18b) and (19).

(21)

The problem (P2) is convex in each optimization variable ac,
bc, and W individually, but not jointly. Therefore, a local
optimum can be computed by iteratively optimizing over one
variable while fixing the others. Using the first order optimality
conditions, the MMSE receive filter and weight at user u
for the considered dual-polarized system model respectively
computed as

acu=argmin
ac
u

E[||ŝu−su||2]=
(qu)

HHuWuT∑U
j=1 |qH

u HuWjT|2+σ2
0

, (22)

bcu =

∑U
j=1 |qH

u HuWjT|2 + σ2
0∑U

j=1
j ̸=u

|qH
u HuWjT|2 + σ2

0

, (23)

where u ∈ S1, ac = [ac1, a
c
2, · · · , acU ], bc = [bc1, b

c
2, · · · , bcU ].

2) Solution strategy with long-term channel statistics at
transmitter: In high mobility scenarios, it is challenging for
the base station to obtain CSI in every coherence interval.
Thus, it relies only on long-term channel statistics to detect
their dedicated signal from the received signal in (11). Solution
strategy is similar to that in the previous case. However, as
only channel statistics are available, while solving (P1) a few
of the above equations are updated as follows:

It is notable that if γs
u ≥ γth for every channel instance,

then (18c) is also satisfied. Thus, in order to convexify the
constraint, we relax the average condition, which gives us the
condition in (19). Now, in order to approximate the constraint
(18c), we take expectation on both sides giving,

E

[
1

√
γth

ℜ{qH
u HuWuT}

]
≥E


√√√√√ U∑

j=1
j ̸=u

|qH
u HuWjT|2+σ2

0

 (24)

for all u ∈ S1. Tightness of the above constraint is verified in
Section V. The MSE at the receiver under long-term channel
statistics is computed as

elu=Esu,Hu
[||ŝu−su||2]=

U∑
j=1

|au|2E[|qH
u HuWjT|2]+1

−E[(alu)
∗(HuWuT)Hqu]−E[aluq

H
u HuWuT]+|alu|2σ2

0

(25)

where alu ∈ C is the receiver gain with long-term channel
statistics. P1 using WMMSE framework is revised as

(P3) : min
W,bl,al

U∑
u=1

βl
u(b

l
ue

l
u − log2 b

l
u)

s.t. (18b) and (24).

(26)

Similar to the previous case, (P3) is convex for each opti-
mization variable individually but not jointly. With only long-
term channel statistics, MMSE receive filter coefficient alu and
weight blu, u ∈ S1 are computed as

alu =
E[(qu)

HHuWuT]

E
[∑U

j=1 |qH
u HuWjT|2

]
+ σ2

0

, (27)
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blu =
E
[∑U

j=1 |q
H
u HuWjT|2

]
+ σ2

0

E
[∑U

j=1 |qH
u HuWjT|2

]
+ σ2

0 − |E[qH
u HuWuT]|2

. (28)

From the above discussion, we conclude that optimization
problem (P1) is reformulated to (P2) when CSI is available
and to (P3) with only long-term channel statistics. In each
iteration, we update the weight factor βu at the tth iteration
in order to maintain fairness among the users as follows:

βu
z,(t+1) = βu

z,(t) +ϖ(Rz −Rz
avg). (29)

z ∈ S4, Rz = [Rz
1, R

z
2, · · · , Rz

U ]
T is the rate vector carrying

rates allocated to each user. Ravg is the average rate of users.

Remark 3. Phase beamforming can also be considered as the
single polarization case as polarization is not optimized, and
transmitter and receivers assume fixed polarization states.

B. Sum Rate Maximization with Joint Beamforming

In this subsection, we formulate the optimization problem
with joint beamforming at the receiver and propose a solution
strategy for the same. Using (15), weighted sum rate maxi-
mization problem with joint beamforming is formulated as

(P4) : max
V,P

RST (30a)

s.t.
U∑

u=1

N∑
n=1

pun ≤ Pt (30b)

VH
unVun = I2 ∀ n ∈ S2, u ∈ S1 (30c)

and (18c)

where V = [V1,V2, · · · ,VU ] and P = [P1,P2, · · · ,PU ]. The
objective in (30a) is non-convex with respect to V and P. (30b)
is the power budget constraint similar to (18b) reformulated in
terms of the power matrix elements. Constraint (30c) ensure
that the transmitter antenna polarization must not impart gain
to the received signal. Constraints (30c) and (18c) are non-
convex. Thus, (P4) is non-convex with respect to V and P.

For mathematical tractability we first reduce the order of the
constraints by defining fun = Vuntn = [fh

un fv
un]

T ∈ C2×1.
Also, F = [F1,F2, · · · ,FU ] and Fu = [fu1, fu2, · · · , fuN ]T ∈
C2N×1. Thus, the constraint (18c) can be re-written as

fHunfun = 1, ∀ u ∈ S1, n ∈ S2. (31)

It is notable that the constraint in (31) is still non-convex. To
convexify it, we rewrite it as

fHunfun ≤ 1, ∀ u ∈ S1, n ∈ S2. (32)

To meet the unit norm requirement of the polarization vectors,
we normalize it after every iteration. To balance sum rate, we
adjust normalization factor in the power allocated to each user.
We note that problem (P4) is similar to problem (P1) with
additional polarization constraint. Thus, we again propose the
use of WMMSE framework to solve the above optimization.

1) Solution strategy with CSI available at transmitter:
In the presence of CSI, E[γs

u] = γs
u. Following the similar

argument as for phase beamforming we can say that PuFu and

PuFue
jθu are equivalent. Therefore, the condition γs

u > γs
th

can be formulated as SOCP constraint as

1√
γs
th

ℜ{qH
u HuPuFu} ≥

√√√√√ U∑
j=1
j ̸=u

|qH
u HuPjFj |2 + σ2

0 . (33)

Under the above-mentioned modifications, the optimization
problem (P4) under WMMSE framework can be written as

(P5) : min
F,P,bc,ac

U∑
u=1

βc
u(b

c
ue

c
u − log2 b

c
u)

s.t. (30b), (32), (33)

(34)

where ecu, bcu, and acu are given in (20), (22) and (23) with
WuT replaced with PuFu. To obtain optimal values of P and
F, we divide the optimization problem into two subproblems
and solve them alternately using WMMSE framework. The
two sub-problems can be stated as

(P51) : min
F

U∑
u=1

βc
u(b

c
ue

c
u − log2 b

c
u)

s.t. (32) and (33),

(35)

(P52) : min
P

U∑
u=1

βc
u(b

c
ue

c
u − log2 b

c
u)

s.t. (30b) and (33).

(36)

2) Solution strategy with long-term channel statistics at
transmitter: Following the similar strategy as in Section III-
A-2, the SOCP constraint can be approximated as

E

[
1√
γs
th

ℜ{qH
u HuPuFu}

]
≥E


√√√√√ U∑

j=1
j ̸=u

|qH
u HuPjFj |2+σ2

0

 (37)

for u ∈ S1. Thus, (P4) is revised for ST with joint beam-
forming considering only long-term channel statistics as

(P6) : min
F,P,bl,al

U∑
u=1

βl
u(b

l
ue

l
u − log2 b

l
u)

s.t. (30b), (32), (37)

(38)

where elu, alu, and blu are given in (25), (27), and (28) with
WuT are replaced with PuFu. The optimization problem
(P6) is also solved using alternating optimization. The two
subproblems to obtain optimum P and F can be stated as

(P61) : min
F

U∑
u=1

βl
u(b

l
ue

l
u − log2 b

l
u)

s.t. (32) and (37),

(39)

(P62) : min
P

U∑
u=1

βl
u(b

l
ue

l
u − log2 b

l
u)

s.t. (30b) and (37).

(40)

For fairness, the weight factor βz
u is updated as in (29).

Using the WMMSE framework, the weighted sum rate is
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given by
∑U

u=1 βu log2 b
z
u, z ∈ S4. Closed-form expression

for the average rate with CSI at the transmitter is difficult
to obtain as it makes optimal power, phase, and polarization
functions of the instantaneous channel state. Since functional
forms of these optimal parameters are not available, the closed
forms for the expectations in (22) cannot be obtained and the
average rate is computed by maximizing rate for every channel
instantiation using the WMMSE structure. With only long-
term channel statistics at the transmitter, optimal power, phase
and polarization are function of channel statistical parameters,
the expectations in (28) can be evaluated using Lemma 1.

Lemma 1. The term E
[∑U

j=1 |qHu HuPjFj |2
]

can be sim-
plified to obtain E[ζT

juζju], where ζju = [ζrju, ζ
i
ju]

T fol-
lows bivariate Gaussian distribution with mean µζju =[
µζr

ju
, µζi

ju

]T
and covariance matrix Cζju = E[(ζju −

µju)(ζju−µju)
T ], where µζr

ju
, µζi

ju
, and σ2

ζju
are defined in

(41), (42) and (43), respectively.

Proof. See Appendix A.

Substituting the result from Lemma 1 in blu we obtain

blu =

∑U
j=1 E[ζT

juζju] + σ2
0∑U

j=1 E[ζT
juζju] + σ2

0 − |E[qH
u HuPuF]|2

. (44)

The average weighted sum rate in terms of channel statistical
parameters derived in Lemma 1 is obtained in Lemma 2.

Remark 4. By virtue of channel spatial correlation, ζrju and
ζiju are correlated random variables.

Remark 5. The average weighted sum rate for only phase
beamforming is again governed by Lemma 2 as the optimal
phase is captured by ηwjun, w ∈ S3. Therefore, the type of
beamforming only impacts the value of ηwjun.

With CSI available, the detailed algorithmic procedure for
solving the optimization for phase and joint beamforming is
given in Algorithm 1, except that for phase beamforming steps
4 to 6 are excluded. With only long-term channel statistics
available at the transmitter, phase and joint beamforming are
governed by the Algorithm 2 except that the steps from 3
to 5 are excluded for phase beamforming. Furthermore, for
phase beamforming, P is replaced with W and F is replaced
with T and an initialized value of T is used throughout
the algorithm. Both Algorithm 1 and 2 contains NK and
3NK variables for phase and joint beamforming, respectively.
With CSI available at the transmitter, total computational
complexity for phase beamforming simulated using WMMSE-
based algorithm is O(SIP (U

2N2 + U2N + UN)) where
IP denotes the iteration count and S denotes the number of
channel realizations. For joint beamforming total complexity
is given by O(BSIJ(U

2N2 + U2N + 2UN)) where B is
the number of blocks in alternating optimization and IJ is
the number of iterations for joint beamforming. For long-term
channel statistics, the computational complexity is same as that
of Algorithm 1 with S = 1. This is because algorithms with
CSI available are computed on a small-scale fading, whereas
algorithms with long-term channel statistics are computed on

a large-scale fading. Thus, the total computational complexity
of Algorithm 2 is much lower than that of Algorithm 1 [40].

Algorithm 1 Alternating optimization for ST with CSI
Input: N , U , H, qu, Pn, ϖ
Initialize: Finit, Pinit, βinit, fu

1: for channel instance=1: Total channel instances do
2: for iteration count=1 :Maximum iterations do
3: Compute ac

u an bcu using (22) and (23) for all u
4: Compute ecu using (20) for all u and optimize P51 in

(35) using CVX to obtain optimal F∗.
5: Normalize F∗ to satisfy constraint (32).
6: Adjusting magnitude: Update P← P||fun||2∀ u, n.
7: Compute ecu using (25) for all u and optimize P52 in

(36) using CVX to obtain optimal P∗.
8: Compute Ru = log2(bu)
9: Compute Ravg =

∑U
u=1 Ru/U

10: Update weight factor βu using (29)
11: Normalize βu such that

∑U
u=1 βu = 1

12: Weighted sum rate =
∑U

u=1 βuRu

13: Check for stopping criterion: if met then break the loop,
else continue.

14: end for
15: Compute RST corresponding to channel instances
16: end for

Output: P∗, F∗, β∗

Algorithm 2 Alternating optimization for ST with long-term chan-
nel statistics

Input: N , U , H, qu, Pn, ϖ
Initialize: Finit, Pinit, βinit, fu

1: for iteration count=1:Maximum number of iterations do
2: Compute al

u and blu using (27) and (28) for all u
3: Compute elu using (25) for all u and optimize P61 in (39)

using CVX to obtain optimal F∗.
4: Normalize F∗ to satisfy constraint (32)
5: Adjusting magnitude: Update P← P||fun||2∀ u, n.
6: Compute elu using (25) for all u and optimize P62 in (40)

using CVX to obtain optimal P∗.
7: Follow the steps from (8) to (13) from Algorithm 1
8: end for

Output: P∗, F∗, β∗

IV. PERFORMANCE OPTIMIZATION IN TT SCENARIO

We now consider a scenario where all users are served in a
time-shared mode. In this scheme, a block of time duration is
divided into U slots. The input symbol at each dual antenna to
serve uth user is s = su. The fraction of total time allocated
to uth user is τu such that

∑U
u=1 τu = 1. Thus, the signal

received at user u in slot τu is ytu = qH
u HuWuTsu+nu. The

corresponding SNR is given by

γt
u = |qH

u HuWuT|2/σ2
0 . (45)

Data rate of user u is τu log2(1 + γt
u). Thus, the average

weighted sum rate of the system under TT scenario is

RTT = E

[
U∑

u=1

βuτu log2(1 + γt
u)

]
. (46)

To maximize the sum rate in (46) under the total power,
time, polarization norm, and SINR constraints of each user,
optimization problem is formulated next.
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Lemma 2. The average weighted sum rate under simultaneous transmission is given by

∑U
u=1 β

l
u log2


∑U

j=1(2σ
2
ζju

+µr2
ζju

+µi2
ζju

)+σ2
0∑U

j=1(2σ
2
ζju

+µr2
ζju

+µi2
ζju

)+σ2
0−ξ2u

K
1+K

{
(
∑N

n=1[(η
hhr
jun+ηvvr

jun)
√
1−αL+(ηhvr

jun+ηvhr
jun)

√
αL])

2

+(
∑N

n=1[(η
hhi
jun+ηvvi

jun)
√
1−αL+(ηhvi

jun+ηvhi
jun)

√
αL])

2
}


Proof. See Appendix B.

µζ1ju =

√
K

1 +K
ξu

N∑
n=1

{
√

1− αLu(η
hhr
jun + ηvvrjun) +

√
αLu(η

hvr
jun + ηvhrjun)}. (41)

µζ2ju =

√
K

1 +K
ξu

N∑
n=1

{
√

1− αLu(η
hhi
jun + ηvvijun) +

√
αLu(η

hvi
jun + ηvhijun)}. (42)

σ2
ζju

=
ξ2u
2

(
1

1 +K

) N∑
n=1

N∑
m=1

U∑
p=1

N∑
q=1

(
(αNu)

[
(ηvhijunη

hvi
jum+ηvhrjunη

hvr
jum)δtupρ

c
qmn+(ηvhijunη

vhi
jum+ηvhrjunη

vhr
jum)δvupρ

b
qmn

+(ηhvijunη
hvi
jum+ηhvrjunη

hvr
jum)δhupρ

a
qmn+(ηhvijunη

vhi
jum+ηhvrjunη

vhr
jum)δtupρ

d
qmn

]
+(1−αNu)

[
(ηvvijunη

hhi
jum+ηvvrjunη

hhr
jum)δtupρ

d
qmn

+(ηvvijunη
vvi
jum + ηvvrjunη

vvr
jum)δvupρ

a
qmn + (ηhhijunη

hhi
jum + ηhhrjunη

hhr
jum)δhupρ

b
qmn + (ηhhijunη

vvi
jum + ηhhrjunη

vvr
jum)δtupρ

c
qmn

]
+
√

(1−αNu)(αNu)
[
(ηvhijunη

vvi
jum+ηvhrjunη

vvr
jum)δvupρ

3
qmn+(ηvvijunη

vhi
jum+ηvvrjunη

vhr
jum)δvupρ

d
qmn+(ηhvijunη

vvi
jum+ηhvrjunη

vvr
jum

+ηvvijunη
hvi
jum + ηvvrjunη

hvr
jum)δtupρ

a
qmn + (ηvhijunη

hhi
jum + ηvhrjunη

hhr
jum + ηhhijunη

vhi
jum + ηhhrjunη

vhr
jum)δtupρ

b
qmn

+(ηhhijunη
hvi
jum + ηhhrjunη

hvr
jum)δhupρ

c
qmn + (ηhvijunη

hhi
jum + ηhvrjunη

hhr
jum)δhupρ

d
qmn

])
.

(43)

A. Sum Rate Maximization with Phase Beamforming

For phase beamforming, the average weighted sum rate can
be obtained using (46) by substituting (45). The weighted sum
rate maximization problem is formulated as

(P7) : max
τ,P

RTT (47a)

N∑
n=1

pun ≤ Pt ∀u ∈ S1 (47b)

τuE[γt
u] ≥ γt

th ∀u ∈ S1 (47c)
U∑

u=1

τu = 1. (47d)

In TT as each user is served individually, phases of base
station antennas are adjusted to equalize the impact of channel
and match with the receiver polarization. The optimal phase
depends on CSI availability at the transmitter and is given by

ϕc
un = ∠qHHnutnu;with CSI, (48)

ϕl
un = ∠qHE[Hnu]tnu;with long-term statistics. (49)

As the total available power is allocated to each user, Pt is
divided among all transmit antennas. The fraction of time for
which each user is served depends on the transmitter-receiver
channel conditions, i.e., if the channel is good, less fraction of
time is allocated in order to satisfy constraint (47c). Each time
slot τu is selected such that the constraint (47d) is satisfied.

B. Sum Rate Maximization with Joint Beamforming

For joint beamforming, the average weighted sum rate is
obtained using (46) by substituting (15) and (45). Here, the
optimization problem remains the same as in (P7) with addi-
tional constraint (30c). Similar to ST, we rewrite polarization

norm constraint (30c) as (31). Thus, optimization variable V
is replaced with F in (P7) and the SNR in (45) is updated to

γt
u = |qH

u HuPuFu|2/σ2
0 . (50)

We first adjust the polarization of each transmit antenna such
that it nullifies the channel and matches with the receiver
polarization. The optimal polarization vectors are given by

fcun =
(gHu Hun)

H

||gHu Hun||2
; with CSI, (51a)

flun=
(gH

u E[Hun])
H

||gH
u E[Hun]||2

; with long-term statistics. (51b)

Note that division by norm values in (51a) and (51b) ensure
that constraint (31) is satisfied. Optimal phase is given as

ϕc
un = ∠qHHnufcnu; with CSI, (52a)

ϕl
un = ∠qHE[Hnu]flnu; with long-term statistics. (52b)

In TT, the weight factor βu is iteratively updated as in ST
using (29). Similar to ST, with CSI available at the transmitter,
closed form for the average weighted sum rate cannot be
obtained as optimal parameters are the functions of channel
state. However, with long-term channel statistics, expectations
can be evaluated. Using Jensen’s inequality, the upper bound
for average weighted sum rate in (46) can be obtained as

RTT ≤
U∑

u=1

βuτu log2(1 + E[γt
u]). (53)

Using Lemma (1) we obtain

E[|qH
u HuPuFu|2] = E[ζT

uuζuu], (54)

where ζuu = [ζruu, ζ
i
uu]. ζ

r
uu, and ζiuu can be obtained using

the (A.4) and (A.5) which are still Gaussian distributed with
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mean and variance governed by (41), (42) and (43). Using
(54), average SNR in TT is E[γt

u] =
E[ζT

uuζuu]

σ2
0

. To compute
E[ζT

uuζuu] we use the moment generating function approach
similar to that in Appendix B and obtain

E[γt
u] = (2σ2

uu + (µr
uu)

2 + (µi
uu)

2)/σ2
0 . (55)

Substituting the above computed value in (50), the average
weighted sum rate in TT is upper bounded by

RTT ≤
U∑

u=1

βuτu log2

(
1+

2σ2
uu+(µr

uu)
2+(µi

uu)
2)

σ2
0

)
. (56)

With CSI available, the detailed algorithmic procedure for
sum rate maximization in TT for phase and joint beamforming
is given in Algorithm 3, except that for phase beamforming
step 3 is relaxed and the step 4 of optimal phase determination
is governed by (48). Similarly, when only long-term channel
statistics are available, Algorithm 4 is used to obtain the
solution except that step 2 is relaxed and step 3 is governed
by (49). Additionally, for phase beamforming, P and F are
replaced with W and T and an initialized value of T is used.
Both Algorithm 3 and 4 contains NK and 3NK variables
for phase and joint beamforming respectively. Computational
complexity of phase and joint beamforming with CSI available
at the transmitter is O(SU(N2+N)) and O(SU(N2+2N)),
respectively. Following the similar argument as given for ST in
Section III, computational complexity for long-term channel
statistics is same as that with CSI available with S = 1.

Algorithm 3 Beamforming Algorithm for TT with CSI
Input: N , U , H, qu, Pn, ϖ
Initialize: βinit, fu
Output: P∗, F∗, β∗, τ∗

1: for channel instance=1:Total channel instances do
2: Compute fcun using (51a)
3: Compute ϕl

un using (52a)
4: Set pun = Pt

N
5: Compute τu = γt

γu
.

6: if
∑U

u=1 τu > 1 then
7: Select users with higher rates satisfying (47c)
8: else
9: Scale each τu by equally to satisfy (47c)

10: end if
11: Compute Ru = τu log2(1 + γu)
12: Compute Ravg =

∑U
u=1 Ru/U

13: Update weight factor βu using (29)
14: Normalize βu such that

∑U
u=1 βu = 1

15: Check for stopping criterion: if met, then break the loop, else
continue.

16: end for

Algorithm 4 Beamforming Algorithm for TT with long-term
channel statistics

Input: N , U , H, qu, Pn, ϖ
Initialize: βinit, fu
Output: P∗, F∗, β∗, τ∗

1: Compute flun using (51b)
2: Compute ϕl

un using (52b)
3: Follow the steps from (4) to (16) from Algorithm 3.

V. RESULTS AND DISCUSSION

In this section, we evaluate the performance of a single cell
multi-user system. We analyze users that are independently
and uniformly distributed within a sector of radius of 500
m. The base station is located at the center and is assumed
to be elevated at 20 m. The large-scale fading coefficient in
dB is modeled as ξu = Γ − 10αp log10 (du/1m) + Fu [25]
where Fu ∼ N (0, σ2

sf ) with σsf = 7, αp = 3.76 and
Γ = −35.3. LOS and NLOS channel XPDs are considered to
be 15 dB and 5 dB, respectively for all users [23]. κw

mn,u = 0,
ϱwmn,u = 0, w ∈ S3, and ϖ = 10−5. Initial weight vector
βinit = 11×U , ∀u ∈ U . We consider γs

th = γt
th = γth. For

simulation any initial value for power amplitude matrix and
polarization vector can be taken. In the following subsections,
we compare the average weighted sum rate performance of
ST with TT under both joint beamforming and only phase
beamforming. We also study the impact of various system
and channel parameters and CSI on them. To capture different
system and channel aspects, simulation is carried out for
different parameters, which are stated at the beginning of
each subsection. Simulations are conducted in MATLAB using
CVX (SDPT3 solver) [41] on a standard desktop machine with
Intel(R) Core(TM) i9-10900 CPU @ 2.80 GHz processor.

A. Performance of Polarization-Integrated WMMSE

1) Convergence performance of beamforming strategies:
Fig. 2(a) shows the performance of polarization-integrated
WMMSE algorithm in computing average weighted sum rate
and selecting optimal power values. Simulation is performed
for U = 4, N = 10, γth = −15 dB, Pt = 10 dBm and K = 0
dB. Iteration counts are provided to show that the sum rate
converges in approximately 10 iterations for both the cases.
Additionally, higher weighted sum rate is obtained for joint
beamforming compared to only phase beamforming. This is
due to the polarization beamforming of user with the desired
signal and nullforming with the undesired signal.

2) Optimality of WMMSE: To maximize the weighted sum
rate for ST, we have proposed WMMSE-based solutions in
polarization domain which is a locally convergent approach.
We benchmark its performance against the globally optimal
solution using the branch-and-bound (BNB) method [37], [42].
Owing to its high computational complexity, BNB is applied
to small-scale scenarios and serves as the performance upper
bound for evaluating the proposed WMMSE-based methods.
Fig. 2(b) compares the performance of WMMSE against
BNB. Simulation parameters: N = 6, U = 2, K = −10
dB, and γth = −15 dB. We observe that BNB being a
globally convergent approach gave better rates in comparison
to WMMSE. However, these gains were obtained at the cost of
time. For example, for joint beamforming with transmit power
of 20 dBm, additional gain of ≈ 1.5% was obtained with BNB
at the cost of ≈ 60 times extra time with respect to WMMSE.

For large-scale scenarios, we validate the optimality using
duality gap. Fig. 2(c) validates the optimality of WMMSE al-
gorithm in solving optimization with CSI available. Simulation
paramters: U = 4, N = 10, γth = −15 dB, Pt = 10 dBm
and K = 0 dB. Optimization algorithms show duality gap on
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(a) (b) (c) (d)
Fig. 2: (a) Polarization integrated WMMSE performance, (b) Performance benchmarking with BNB, (c) Validation of WMMSE algorithm,
(d) Verification of SOCP approximation in (24) and (37). Set 1: Pt=15 dBm, γth=2 dB, Set 2: Pt=25 dBm, γth=7 dB, BF: beamforming.

(a) (b)
Fig. 3: (a) Performance comparison of joint beamforming with phase beamforming under ST and TT, (b) Verification for weighted sum rate
performance. sim: simulation, num: numerical, BF: beamforming, CSI-A: CSI available, LTCS: long-term channel statistics.

the orders of 10−7 (typical acceptable values are on the order
of 10−5 [43]) in 15, 27, and 19 iterations for P5, P51 and
P52, respectively, thereby leading the solution for phase and
joint beamforming close to the true optimal. Thus, WMMSE
is suitable for resource allocation in the proposed framework
as it gives near-optimal performance. Additionally, WMMSE
is practical for large-scale systems due to its polynomial time
complexity. Also, the closed-form updates in WMMSE makes
the implementation easy and fast.

3) Tightness of SOCP constraint: In Section III, the SOCP
constraint under long-term channel statistics is approximated
as (24) and (37) for phase and polarization beamforming re-
spectively. Fig. 2(d) verifies the tightness of the approximation
by plotting the minimum SINR values assigned to each user
with respect to U . The constraint is verified for two sets of
transmit power and threshold SINR values for both phase and
joint beamforming. N = 10, K = 5 dB is considered. We
observed that as U increases, minimum SINR value allocated
by the approximate SOCP constraint to the user decreases.
However, it does not fall below the threshold SINR.

B. Impact of K on Beamforming Strategies in Multiaccess

In this subsection, we compare the performance of joint
beamforming with phase beamforming, ST with TT, and study
the impact of CSI for different channel conditions captured
by the Rician K-factor as shown in Fig. 3(a). For this
performance comparison study, simulation is performed for
U = 5, N = 6, γth = −20 dB and Pt = 20 dB.

1) Performance comparison of joint beamforming and
phase beamforming: Fig. 3(a) shows that joint beamforming
performs better than only phase beamforming, with average

performance improvement of 23% and 5.53% with CSI and
89.19% and 4.2% with long-term channel statistics for ST and
TT, respectively. These additional gains are obtained by virtue
of signal enhancement at the intended user via polarization
beamforming and interference mitigation at the unintended
user antenna via polarization orthogonality.

Furthermore, ST with joint and phase beamforming exhibit
opposite trends, i.e., the former increases and the latter de-
creases with K factor with long-term channel statistics. At
low K values, channel diversity provided by the multipath
dominant channel allows at least one user to be served with
higher SINR guarantee and the rest are served close to the
SINR threshold for both phase and joint beamforming. At
high K factor, due to statistically identical paths, interference
is not sufficiently canceled for all the users, thereby serving
them fairly close to SINR threshold for phase beamforming.
However, with joint beamforming polarization orthogonality
allows at least two users to be served with higher SINR
guarantee and serving the rest close to SINR threshold. In
TT as there is no interference term, average weighted sum
rate follows the same trend for phase and joint beamforming.

Remark 6. At high K values, with long-term channel statis-
tics at the transmitter, polarization beamforming in addition
to phase beamforming is necessary for ST to outperform TT.

2) Performance comparison of ST and TT: From Fig. 3(a),
we also observe that at low K factors with CSI available,
ST outperforms TT due to sufficient interference cancellation
by virtue of channel diversity thereby making γs

u and γt
u

equivalent. In TT as users are served in a fraction of time,
total rate achieved in ST is higher. On the contrary, with long-
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(a) (b) (c) (d)
Fig. 4: Average weighted sum rate performance of joint beamforming for different number of (a) transmit antennas with CSI, (b) transmit
antennas with long-term channel statistics available, (c) users U with CSI available, (d) users U with long-term channel statistics.

term channel statistics, due to poor alignment of resources with
instantaneous channel conditions, γs

u < γt
u due to insufficient

interference cancellation. Thus, individual user SINR guaran-
tee is higher in TT than ST in general, thereby enhancing the
sum rates in TT. However, at high K values, the channel is
governed by statistically identical LOS paths, resulting in two
users being served with a higher SINR guarantee, both with
CSI and under long-term channel statistics. ST may or may
not outperform TT depending on the interference cancellation
level at each user governed by number of users being served.

The performance of ST may increase or decrease with K,
depending on the type of beamforming and CSI availability.
However, for TT weighted sum rate increases and then satu-
rates at high K. This is because TT makes multi-user scenario
single user thereby operating in interference free channel. The
crossover between TT and ST solely depends on the system
and channel parameters. With CSI available, ST gives on an
average 154% and 233% gains with respect to TT for phase
and joint beamforming, respectively. However, with long-term
channel statistics, TT outperforms ST on an average by 56%
and 2.9% for phase and joint beamforming, respectively.

Remark 7. For ST and TT the additional gains in joint
beamforming with respect to only phase beamforming results
from the enhanced interference reduction achieved by the
virtue of polarization synchronization.

3) Impact of CSI at the transmitter: Fig. 3(a) shows that
at low K values, higher gains are obtained with CSI (e.g., at
K = −10 dB, CSI availability offers 89.24% gain over long-
term channel statistics for ST). These high gains are obtained
due to the resource allocation in every coherence interval.
This aspect is compounded by the channel diversity which
enhance the overall system performance. However, without
CSI the resource optimization is based on the channel statis-
tics, such as mean and variance. Consequently, the allocated
resources might not closely align with the instantaneous chan-
nel conditions for the allocated window, causing degradation
in weighted sum rate. At high K values, channel instances are
close to the mean values. Hence, performance with CSI and
with only long-term channel statistics are same for both ST and
TT. On average, with CSI, ST (and TT) offers 72% (and 15%)
and 56% (and 14%) gain over long-term channel statistics for
phase beamforming and joint beamforming, respectively.

4) Verification of theoretical and simulation results: In this
subsection, we validate the theoretical analysis and simulation
performance in Fig. 3(b) with long-term channel statistics. For

ST, we observe that the simulation closely matches with theory
with normalized root mean square error (NRMSE) of 0.005
and 0.0083 for phase and joint beamforming, respectively,
thus confirming the accuracy of the analytical model. For TT,
upper bound for average weighted sum rate as stated in (56)
is verified. We observe that for K > 0 dB bound is tight with
the difference of ≈ 0.58% and 0.104% for joint and phase
beamforming respectively. However for low K values, bound
is loose as difference increases, leading to 7.37% and 6.06% at
K = −10 dB for phase and joint beamforming, respectively.

Remark 8. With CSI available at the transmitter, links from
base station to each user behave independently with each
other, thus providing new sort of diversity thereby enhancing
the overall system performance at low Rician K-factors.

C. Impact of N and U on Joint Beamforming in Multiaccess
1) Impact of number of transmit antennas, N : Figs. 4(a)

and 4(b) capture the impact of N on joint beamforming with
CSI and only long-term channel statistics, respectively. As N
increases, the performance of both ST and TT improve which
can be attributed to the additional beamforming gains offered
by the increase in number of transmit antennas. With CSI, the
level of improvement decreases with increase in K for ST. For
example, at K=−10 and 30 dB, 28% and 12% respectively,
improvement is observed on increasing N from 6 to 25.
However, with long-term channel statistics, the level of im-
provement increases with K and gets approximately saturated
at high K. In both cases, the improvement is governed by the
interference level observed by the users. For TT, performance
improvement is roughly identical for all K values, as it is
interference-free and solely governed by beamforming gain.

2) Impact of number of users, U : Fig. 4(c) and 4(d) show
the joint beamforming performance variation with U with CSI
and long-term channel statistics available at the transmitter,
respectively. Performance degrades with increase in U due to
increased interference, which is intuitive. Additionally, as U
increases, the gains observed by ST over TT decrease for all
the Rician K values for both cases. Moreover, increasing the
number of users decreases the K factor range over which ST
outperforms TT. This is because with the addition of each user,
the probability of each user attaining orthogonality resulting
from destructive phase and polarization interference reduces.

D. Impact of Transmit Power Pt on Beamforming Strategies
Figs. 5(a) and 5(b) capture the impact of Pt for different K

values with CSI and only long-term channel statistics, respec-
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(a) (b)
Fig. 5: Variation of weighted sum rate with transmit power Pt with (a) CSI available, (b) long-term channel statistics; BF: beamforming.

(a) (b)
Fig. 6: Impact of correlation on weighted sum rate performance with (a) CSI available, (b) long-term channel statistics; BF: beamforming.

tively. Simulation parameters: U = 4, N = 10, γth = −15
dB. For TT, weighted sum rate increases with Pt for both
phase and joint beamforming, which is also evident from (46).
However for ST, with CSI the performance is observed to
increase in the operating range of Pt for joint beamforming
due to independent resource allocation in every coherence
interval, and the improvement level depends on K values. With
long-term channel statistics, in the considered range of Pt, ST
and TT are observed to outperform one another as K changes.
Polarization alignment on top of phase alignment increases Pt

over which ST outperforms TT. This is because increasing Pt

also increases the interference power along with signal power.
Thus, at large Pt weighted sum rates tend to decrease. This
behavior is evident in Fig. 5(b) for K = −10 dB where after
20 dB weighted sum rate decreases for joint beamforming.

E. Impact of Spatial Correlation on Beamforming Strategies

In the results so far correlation parameters have been
taken to be zero. In the following, we take finite correlation
values and compare the results with the uncorrelated scenario.
Simulations are carried out for U = 4, N = 12, γth = −20
dB, and K = 0 dB. As evident from Fig. 6(a) and 6(b),
increasing the transmit and receive channel spatial correlation
actually degrades the weighted sum rate performance.

With CSI available at the transmitter and correlation of
0.6, gains with joint beamforming in comparison to phase
beamforming are ≈ 13% and ≈ 9% for ST and TT, re-
spectively. However, without correlation, corresponding gains
are ≈ 12% and 8%, respectively. Thus, transmit and receive
correlation as high as 0.6 lightly impact the gains offered by
joint beamforming over phase beamforming for ST and TT
scenarios. Additionally, we observe that, ST outperforms TT
for all considered transmit powers when CSI is available.

With long-term channel statistics, improvement in joint
beamforming with respect to phase beamforming is reduced
from ≈ 80% to ≈ 24% with correlation of 0.6 for ST. We
observe that joint beamforming is more affected due to spatial
correlation compared to phase beamforming as the benefits
of both phase and polarization orthogonality offered by the
channel reduces. However, for TT no degradation is observed
as resource allocation is based on the average channel. Though
the gains are reduced, joint beamforming in spatially correlated
channels still offers improvement over phase beamforming.
The transmit power levels over which ST outperforms TT
decrease due to degraded interference cancellation.

Remark 9. Polarization synchronization provides additional
gain over only phase alignment. The gain quantity may differ
based on single user or multi-user scenario and the type of
communication technique employed.

F. Impact of XPD on Beamforming Strategies

Fig. 7 shows the impact of XPD on weighted sum rate
performance. XPD measures the polarization leakage between
the orthogonal signal components. Fig. 7(a) shows that when
CSI is available at the transmitter, XPD has negligible impact
on the performance. For ST, this is due to the sufficient
interference cancellation by the virtue of channel diversity. For
TT, as single user is served at a time there exists no inter-user
interference, XPD does not affect the sum rate. Overall, with
CSI available, XPD only redistributes power between the two
orthogonal components. However, as resources are allocated
based on instantaneous channel, the impact is negligible.

Fig. 7(b) shows the performance with long-term channel
statistics. In this case, poor alignment of resources with the in-
stantaneous channel conditions causes insufficient interference
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(a) (b)
Fig. 7: Performance of XPD with transmit power Pt with (a) CSI available, (b) long-term channel statistics; BF: beamforming.

cancellation for ST. Thus, performance improves with XPD
due to enhanced interference cancellation. For TT performance
is negligibly affected due to no inter-user interference. Slight
difference in performance is observed due to polarization
leakage which is more pronounced with channel statistics.

G. Impact of Proposed Beamforming Strategies on NOMA

In this subsection, we show the performance enhancement
of the existing multiaccess scheme through joint beamforming.
We select NOMA as an example case of ST. We consider
that user 1 is allocated maximum power (and hence cannot
decode interfering signals), while user U is the allocated least
power and is able to nullify interference from all other users
by performing successive interference cancellation (SIC). The
achievable rate after SIC operation at the uth user to decode
the message of kth user with k < u,∀ k = 1, 2, ..., (u− 1) is

Ru→k = log2

(
1 +

|qH
u HuPkFk|2∑U

j=u+1 |qH
u HuPjFj |2 + σ2

0

)
. (57)

The weighted sum rate optimization for NOMA is given as

(P8) : max
F,P

RN =

U∑
u=1

βuRu→u (58a)

s.t. Rk→u ≥ Ru→u ∀u < k, ∀k (58b)
(30b), (32) and (18c).

(58b) is the SIC feasibility constraint for NOMA which
ensures that uth user must decode kth user’s message with
a rate no smaller than that experienced by the kth user itself.
Objective in (58a) and the constraint (58b) are non-convex and
(P8) is NP-hard. The constraint (58b) can be rewritten as

γk→u ≥ γu→u ∀ u < k,∀k (59)

where γk→u = 2Rk→u . To ensure this constraint we enforce a
sufficient condition given by

γk→u ≥ γs
th, γu→u ≥ γs

th. (60)

It can be equivalently reformulated as a second-order cone
constraint and efficiently handled by SOCP. With CSI available
at the transmitter E[γs

u] = γs
u and with long-term channel

statistics if γs
u ≥ γs

th for every channel instance, then (18c) is
also satisfied. We observe that minimum SINR constraint (18c)

and SIC constraint (60) are linked. To convexify optimization
problem, we revise (P8) using the WMMSE framework as

(P9) : max
P,F,bz,az

U∑
u=1

βz
u(b

z
ue

z
u − log2 b

z
u) (61a)

s.t. (30b), (32) and (60)

where ec, ac, and bc can be computed using the similar steps as
used in computing (20), (22) and (23). Similarly, el, al, and bl

can be computed using the similar steps as used in computing
(25), (27) and (28). We follow the similar strategy of alternate
optimization as used in Section III to obtain optimal values of
P and F. To compute the results with phase beamforming for
NOMA, P is replaced with W and F is replaced with T and
an initialized value of T is used throughout the algorithm.

Next, we compare the performance of NOMA-based ST
with phase and joint beamforming. Simulation parameters are:
U = 3, N = 10, and γth = −20 dB. Fig. 8(a) and 8(b) show
that joint beamforming outperforms phase beamforming, and
the level of improvement depends on K values. At low K,
with CSI available, phase beamforming in itself is capable of
exploiting the channel diversity thus giving small improvement
through polarization beamforming. However, at high K as
higher power is in the direct component, small misalignment
in polarization heavily degrades the performance. Thus, joint
beamforming gives higher gains over phase beamforming.
However, with long-term channel statistics, lesser gains are
observed at low K values due to poor alignment of resources
with instantaneous channel conditions. At high K statistically
identical paths allows polarization beamforming to give en-
hanced gains due to improved interference cancellation.

H. Impact of Imperfect CSI on Beamforming Strategies

In the analysis and the results so far we have either
considered perfect CSI or long-term channel statistics at the
transmitter. However in realistic wireless scenarios, channel
CSI is estimated and is known imperfectly. Thus, we also
analyze the impact of imperfect CSI on phase and joint
beamforming. The relation between the perfect and imperfect
CSI can be expressed as [44], [45]

Hun =
√

1− χunH̄un +
√
χunEun. (62)

Hun is the true channel between the nth dual-polarized trans-
mit antenna and uth user. H̄un is the corresponding imperfect
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(a) (b) (c)
Fig. 8: (a) Performance of NOMA-based ST with CSI available, (b) Performance of NOMA-based ST with long-term channel statistics, (c)
Impact of imperfect CSI on ST; BF: beamforming, LTCS: long-term channel statistics.

channel. Eun is the error matrix with i.i.d. zero-mean and unit-
variance complex Gaussian entries independent of H̄un. χun

∈ [0 1], characterizes partial CSI since χun = 0 corresponds
to perfect CSI and χun = 1 corresponds to no CSI knowledge.

Fig. 8(c) captures the impact of imperfect CSI through χ.
Simulation parameters are: U = 4, N = 10, K = −10 dB,
and γth = −20 dBm. For brevity, we present the results for
ST. We consider equal χ for all the channels. We observe
that with imperfect CSI, the designed beamformers cannot
perfectly suppress interference. At low transmit power levels,
we observe small impact on weighted sum rate. This is because
the system is noise-limited and the residual interference from
CSI errors is small. At high transmit power levels, system
becomes interference-limited. Thus, the residual interference
does not vanish, thereby saturating the weighted sum rate.
Note that similar performance can be observed for TT.

VI. CONCLUSION

In this paper, it was established that joint phase and polar-
ization synchronization is necessary for maximized gains irre-
spective of the channel and system conditions. Two alternative
transmission mechanisms: ST and TT in presence of CSI as
well as with only long-term channel statistics were utilized
to demonstrate the benefits of joint beamforming over only
phase beamforming. The level of improvement obtained by
joint beamforming was shown to depend on relative mismatch
between the polarization of desired and undesired symbol
and receiver polarization in ST. Thus, in ST both polariza-
tion beamforming and nullforming play an important role in
performance improvement. However in TT, the performance
only depends on the relative polarization mismatch between
the transmitter and receiver as it orthogonalizes the multi-user
transmissions. Additionally, it was noted that LOS strength,
CSI availability, transmit power level, and SINR threshold
impact the choice of the multiaccess transmission for improved
gains. To capture real wireless scenarios, performance of ST
with imperfect CSI was also analyzed. Performance studies
revealed that, due to diversity provided by the LOS strength,
optimal resource allocation should utilize CSI; however, with
strong LOS, long-term channel statistics could be preferred
due to its low computational complexity as the performance
with CSI and long-term channel statistics are similar. Perfor-
mance benefits of the proposed joint beamforming strategies
were also shown using NOMA as an example case.

APPENDIX

A. Proof of Lemma 1

We first compute the term qH
u HuPjFj for two transmit

antennas, i.e. N = 2.

qH
u HuPjFj =qH

u

[
Hu1 Hu2

][√pj1[I2] [0]
[0] √

pj2[I2]

][
fj1
fj2

]
=qH

u

[√
pj1[Hu1]fj1 +

√
pj2[Hu2]fj2

]
.

(A.1)

Now substituting channel matrices, and transmitter and re-
ceiver polarization vectors, we obtain

qH
u HuPjFj =

[
qhu

qvu

]H(
√
pj1

[
hhh
u1 hhv

u1

hvh
u1 hvv

u1

][
fh
j1

fv
j1

]
+
√
pj2

[
hhh
u2 hhv

u2

hvh
u2 hvv

u2

][
fh
j2

fv
j2

])
=
√
pj1
(
qh∗u hhh

u1f
h
j1 + qh∗u hhv

u1f
v
j1 + qv∗u hvh

u1f
h
j1 + qv∗u hvv

u1f
v
j1

)
+
√
pj2
(
qh∗u hhh

u2f
h
j2 + qh∗u hhv

u2f
v
j2 + qv∗u hvh

u2f
h
j2 + qv∗u hvv

u2f
v
j2

)
= [ηhh

ju1h
hh
u1 + ηhv

ju1h
hv
u1 + ηvh

ju1h
vh
u1 + ηvv

ju1h
vv
u1︸ ︷︷ ︸

n=1

+ ηhh
ju2h

hh
u2 + ηhv

ju2h
hv
u2 + ηvh

ju2h
vh
u2 + ηvv

ju2h
vv
u2︸ ︷︷ ︸

n=2

].

(A.2)

Thus, for generalized N , it can be written as

qH
u HuPjFj=

N∑
n=1

[ηhh
junh

hh
un+ηhv

junh
hv
un+ηvh

junh
vh
un+ηvv

junh
vv
un] (A.3)

where ηhhjun =
√
Pjnq

h∗
u fh

jn, ηhvjun =
√
Pjnq

h∗
u fv

jn, ηvhjun =

Pjnq
v∗
u fh

jn, and ηvvjun =
√

Pjnq
v∗
u fv

jn. Splitting the terms in
(A.3) into real and imaginary parts considering ηwjun = ηwr

jun+
jηwi

jun and hw
un = hwr

un + jhwi
un, w ∈ S3 and solving further

we get qH
u HuPjFj = ζrju + jζiju = ζT

juζju where ζju =
[ζrju ζiju]

T , ζrju, and ζiju are respectively given by

ζrju =

N∑
n=1

[
ηhhr
junh

hhr
un −ηhhi

junh
hhi
un +ηhvr

junh
hvr
un −ηhvi

junh
hvi
un

+ηvhr
junh

vhr
un −ηvhi

junh
vhi
un +ηvvr

junh
vvr
un −ηvvi

junh
vvi
un

] (A.4)

ζiju =

N∑
n=1

[
ηhhi
junh

hhr
un +ηhhr

junh
hhi
un +ηhvi

junh
hvr
un +ηhvr

junh
hvi
un

+ηvhi
junh

vhr
un +ηvhr

junh
vhi
un +ηvvi

junh
vvr
un +ηvvr

junh
vvi
un

]
.

(A.5)
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Next, we compute the mean and variance for ζrju and ζiju.
Using (1), (5) and (10), we first compute the individual channel
coefficients of Hun in terms of channel parameters given as

hhh
un = ξu

√
K(1− αL)

1 +K
g̃hhun + ξu

[√
1− αN

1 +K

U∑
p=1

N∑
q=1

{δhhup (ĝ
hh
pq ρ

hh
qn + ĝhvpq ρ

vh
qn) + δhvup(ĝ

vh
pq ρ

hh
qn + ĝvvpq ρ

vh
qn)}

] (A.6)

hhv
un = ξu

√
KαL

1 +K
g̃hvun + ξu

[√
αN

1 +K

U∑
p=1

N∑
q=1

{δhhup (ĝ
hh
pq ρ

hv
qn + ĝhvpq ρ

vv
qn) + δhvup(ĝ

hh
pq ρ

hv
qn + ĝhvpq ρ

vv
qn)}

] (A.7)

hvh
un = ξu

√
KαL

1 +K
g̃vhun + ξu

[√
αN

1 +K

U∑
p=1

N∑
q=1

{δvhup(ĝhhpq ρ
hh
qn + ĝhvpq ρ

vh
qn) + δvvup(ĝ

vh
pq ρ

hh
qn + ĝvvpq ρ

vh
qn)}

] (A.8)

hvv
un = ξu

√
K(1− αL)

1 +K
g̃vvun + ξu

[√
1− αN

1 +K

U∑
p=1

N∑
q=1

{δvhup(ĝhhpq ρ
hv
qn + ĝhvpq ρ

vv
qn) + δvvup(ĝ

vh
pq ρ

hv
qn + ĝvvpq ρ

vv
qn)}

] (A.9)

where we have used the substitutions

(Ct)
1
2 =


[ρ11] [ρ12] · · · [ρ1N ]

[ρ21] [ρ22] · · · [ρ2N ]

. . · · · .

[ρN1] [ρN2] · · · [ρNN ]

 ∈ C2N×2N (A.10)

(Cr)
1
2 =


[δ11] [δ12] · · · [δ1U ]

[δ21] [δ22] · · · [δ2U ]

. . · · · .

[δU1] [δU2] · · · [δUU ]

 ∈ C2U×2U (A.11)

where each element is a block diagonal matrix such that

ρn1n2=

[
ρhhn1n2

ρhvn1n2

ρvhn1n2
ρvvn1n2

]
and δn1n2=

[
δhhu1u2

δhvu1u2

δvhu1u2
δvvu1u2

]
. (A.12)

hwr
un and hwi

un can be obtained from (A.6)-(A.9) by substituting
ĝwpq = ĝwr

pq + ĝwi
pq and separating the real and imaginary parts.

Thus, real and imaginary parts of the channel coefficients can
be expressed as

hhhd
un = ξu

√
K(1− αL)

1 +K
g̃hhdun + ξu

√
1− αN

1 +K

U∑
p=1

N∑
q=1

{δhhup (ĝ
hhd
pq ρhhqn + ĝhvdpq ρvhqn) + δhvup(ĝ

vhd
pq ρhhqn + ĝvvdpq ρvhqn)}

(A.13)

hhvd
un = ξu

√
KαL

1 +K
g̃hvdun + ξu

√
αN

1 +K

U∑
p=1

N∑
q=1

{δhhup (ĝ
hhd
pq ρhvqn + ĝhvdpq ρvvqn) + δhvup(ĝ

vhd
pq ρhvqn + ĝvvdpq ρvvqn)}

(A.14)

hvhd
un = ξu

√
KαL

1 +K
g̃vhdun + ξu

√
αN

1 +K

U∑
p=1

N∑
q=1

{δvhup(ĝhhdpq ρhhqn + ĝhvdpq ρvhqn) + δvvup(ĝ
vhd
pq ρhhqn + ĝvvdpq ρvhqn)}

(A.15)

hvvd
un = ξu

√
K(1− αL)

1 +K
g̃vvdun + ξu

√
1− αN

1 +K

U∑
p=1

N∑
q=1

{δvhup(ĝhhdpq ρhvqn + ĝhvdpq ρvvqn) + δvvup(ĝ
vhd
pq ρhvqn + ĝvvdpq ρvvqn)}

(A.16)

where d ∈ S5. As ĝwpq ∼C N (0, 1), each term in ζrju and
ζiju are independent and Gaussian distributed. By central limit
theorem ζrju∼C N (µζr

ju
, σ2

ζr
jn
) and ζiju∼C N (µζi

ju
, σ2

ζi
jn
).

µζrju
=

N∑
n=1

ηhhi
junE[hhhr

un ] + ηhvi
junE[hhvr

un ] + ηvhi
junE[hvhr

un ]

+ ηvvi
junE[hvvr

un ]

(A.17)

µζiju
=

N∑
n=1

ηhhi
junE[hhhr

un ] + ηhvi
junE[hhvr

un ] + ηvhi
junE[hvhr

un ]

+ ηvvi
junE[hvvr

un ]

(A.18)

where we have used E[hhhi
un ] = E[hvvi

un ] = E[hhvi
un ] =

E[hvhi
un ] = 0. Substituting E[hhhr

un ] = E[hvvr
un ] =

√
K(1−αL)

1+K

and E[hhvr
un ] = E[hvhr

un ] =
√

KαL

1+K , we obtain (41) and
(42) respectively. Using (A.4), (A.5), and (A.13)-(A.16) we
compute σ2

ζr
jn

and σ2
ζi
jn

and observe that σ2
ζr
jn

= σ2
ζi
jn

= σ2
ζjn

,

which is defined in (43) with δhup = (δhhup )
2 + (δhvup)

2,
δvup = (δvhup)

2 + (δvvup)
2, δtup = {δvhupδhhup + δvvupδ

hv
up}, ρaqmn =

{ρhvqnρhvqm + ρvvqnρ
vv
qm}, ρbqmn = {ρhhqnρhhqm + ρvhqnρ

vh
qm}, ρcqmn =

{ρhhqnρhvqm + ρvhqnρ
vv
qm}, and ρdqmn = {ρhvqnρhhqm + ρvvqnρ

vh
qm}.

Accordingly, ζju is bivariate Gaussian distributed.

B. Proof of Lemma 2

To compute E[ζT
juζju], we use moment generating function

of the bivariate Gaussian distribution which is

Φζju(t) = exp

(
µT

ζjut+
1

2
tTCζjut

)
. (B.1)

Taking first and second order derivatives of Φζju(t) we get

∂Φζju(t)

∂t
=
(
µζju +Cζjut

)
Φζju

∂2Φζju(t)

∂t2
=CζjuΦζju+

(
µju+Cζjut

)(
µζju+Cζjut

)T
Φζju

(B.2)

E[ζT
juζju]= Tr

[
∂2Φζju

∂t2

∣∣∣∣
t=0

]
= Tr

[
Cζju + µζjuµ

T
ζju

]
= (2σ2

ζju + µ2
ζrju

+ µ2
ζiju

).

(B.3)

Next we compute E[qH
u HuPjFj ] for N = 2 case, we get

E
[
qH
u HuPjFj ] = qH

u E[
[√

pj1Hu1fj1 +
√
pj2Hu2fj2

]]
= [ηhh

ju1E[hhh
u1 ] + ηhv

ju1E[hhv
u1] + ηvh

ju1E[hvh
u1] + ηvv

ju1E[hvv
u1]︸ ︷︷ ︸

n=1

+ ηhh
ju2E[hhh

u2 ] + ηhv
ju2E[hhv

u2] + ηvh
ju2E[hvh

u2] + ηvv
ju2E[hvv

u2]︸ ︷︷ ︸
n=2

].

(B.4)

In general the above expression can be written as

E[qH
u HuPjFj ]=

√
K

1 +K
ξu

N∑
n=1

[
(ηhh

jun + ηvv
jun)
√
1− αL

+(ηhv
jun + ηvh

jun)
√
αL

]
.

(B.5)
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Substituting (B.3) and (B.5) in (44) we obtain Lemma 2.
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