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Abstract—The access delay of Slotted ALOHA (S-ALOHA)
is intricately coupled with backoff intervals and the number of
backlogged users, while new arrivals continuously join the system
according to the input rate. Consequently, guaranteeing a mean
access delay constraint is a challenging problem since the system
must control these interdependent variables. This work proposes
an optimization framework that determines the maximum al-
lowable input rate to satisfy the access delay constraint, where a
throughput-maximizing backoff algorithm based on the extended
Kalman filter (EKF) is developed. To solve the optimization
problem, extensive analysis of S-ALOHA is conducted with access
delay characterization. The results demonstrate that while the
input rate is constrained through the proposed framework, the
proposed EKF-based backoff algorithm successfully guarantees
the access delay without the knowledge of the exact backlog size.

Index Terms—S-ALOHA, Access delay, extended Kalman filter

I. INTRODUCTION

HILE the throughput performance of Slotted ALOHA

(S-ALOHA) has been extensively studied, the analysis
of access delay remains comparatively limited. The primary
challenge arises from the interdependence between the backoff
algorithm and the system input rate, where the latter de-
termines the influx of newly contending packets. This cou-
pling creates a feedback loop: The input rate continuously
increases contention, while the backoff algorithm determines
the cumulative random delays experienced prior to successful
transmission. Access delay analysis thus requires modeling the
interaction between arrivals and retransmission mechanisms,
making it significantly more challenging than throughput anal-
ysis. This letter addresses this gap by developing a tractable
analytical framework for guaranteeing the mean access delay
of S-ALOHA systems.

Despite this complexity, several studies have characterized
the access delay, which can be divided into two groups
based on whether users maintain queues to store incoming
packets. For systems with packet queuing [1]-[3], additional
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queueing delay must be considered, significantly complicating
the analysis. For users with a single packet to send, which
is our assumption in this work, Tobagi [4] derived the Z-
transform of the access delay distribution in slotted ALOHA
when users retransmit with probability p. Yang and Yum [5]
obtained delay distributions under various retransmission poli-
cies, including uniform backoff (UB), geometric backoff (GB),
and binary exponential backoff (BEB). The delay properties
of BEB were further analyzed in [6], [7], where conditions for
stability and finite mean delay were established. In [8], it was
demonstrated that the access delay distributions of GB, BEB,
and UB can be approximated by Gaussian distributions. For
multichannel slotted ALOHA, the access delay distributions
under GB and UB algorithms were obtained in [9], motivated
by ultra-reliable low-latency communications (URLLC). In
[10], the Z-transform of access delay with GB was derived, and
the access probability was optimized to balance sum-rate and
delay performance. It is notable that several analyses [6], [7],
[10], assume a saturated condition with N users each always
having a packet to send, which simplifies user interactions,
enabling tractable analysis, but remains an approximation.

In contrast with prior studies focused on specific backoff
schemes such as GB, UB, or BEB, this letter formulates an
optimization framework that guarantees a prescribed mean
access delay for S-ALOHA, where the retransmission prob-
ability is adaptively controlled as a function of the backlog
size. Following [4], [5], [9], we adopt the unsaturated single-
packet model, relevant to sporadic traffic typical of IoT sensor
networks and low-duty-cycle transmissions. A key observation
is that throughput maximization and delay minimization are
inherently equivalent, and guaranteeing a delay constraint re-
quires limiting the input rate under a given backoff algorithm.

The main contribution of this letter is a framework that
determines the maximum input rate while guaranteeing a
specified delay limit. We first consider a genie-aided system
with perfect backlog knowledge as a theoretical benchmark. To
make this practical, we develop a backlog estimation algorithm
using the extended Kalman filter (EKF) (Sec. II-C). Our op-
timization framework explicitly accounts for estimation errors
to determine the maximum achievable input rate that maintains
the delay guarantee. Crucially, we provide an exact delay
distribution analysis characterizing how backlog estimation
impacts delay constraints while maximizing throughput.

II. S-ALOHA WITH DELAY CONSTRAINT

A. System Model

Suppose an S-ALOHA system, where a base station (BS)
is located in the center of the coverage area. Time is slotted



with equal duration, where each slot corresponds to one
packet transmission time. Users having one packet to transmit
arrive at the system, i.e., becoming backlogged, according to
a Poisson process with the mean rate A (packets/slot). The
users can have only one packet. Thus, users and packets are
indistinguishable.

At every slot boundary, the BS broadcasts the feedback mes-
sage that includes the outcome of the previous slot (collision
or success) and a (re)transmission probability p;. Then, back-
logged users draw a random number from the unit interval,
and (re)transmit their packet at the each slot boundary if the
random number is less than p;. A collision occurs when more
than one users (re)transmit in the same slot. The transmission
outcome is again immediately fed back to the backlogged users
over a separate downlink channel.

B. Optimization Problem

Before introducing an optimization problem for access
delay, let us introduce some notations and their definitions.
At the beginning of slot ¢, let Ny € Z>o denote the backlog
size. Furthermore, S;_1 € {0,1} and A;,_1 € Z>o denote
the success indicator (the number of packets successfully
(re)transmitted) and the number of new arrivals joining the
backlog at slot ¢ — 1, respectively. At the beginning of slot ¢,
the backlog evolves as

Ny = Ny — Secq + Aeq, (D

which forms a discrete-time Markov process. If the BS knows
that N,_; = n backlogged users compete for the channel, it
broadcasts a state-dependent retransmission probability p; =
Pn, Which determines the transmission attempt probability for
each user. Let b;(n) denote the probability that ¢ packets are
(re)transmitted when the backlog size is n:

bi(n) = (”) (a)i (1 — )"

?
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The policy p,, = 1/n maximizes the probability of exactly one
successful transmission, i.e., by (n). Taking the expectation of
(1) and averaging over T slots (using telescoping sum), we get
L(E[N7] —E[No]) = 2 S, (E[A;—1] —E[S;_1]). As T —
00, the left-hand side (LHS) vanishes for an ergodic system,
yielding E[A;_1] = E[S;—_1]. This shows the output rate Aoy =
Yonsobi(n)m, = X, where m, = limy_,o Pr[N; = n] is
the stationary backlog distribution. By Little’s law, the mean
access delay is expressed as

E o E[Noo} o anonﬂn o anOnﬂ'"

Aout ano b1 (n)ﬂn A

This explicitly shows that delay, backlog size, and throughput
are linked through rate conservation.

3)

Proposition 1. For a fixed input rate \ and retransmission
policy pn, minimizing the mean access delay D is equivalent
to minimizing the mean backlog E[No).

_ Proof: By 3), D = E[N,]/ for fixed X, so minimizing
D directly minimizes E[N]. |

Proposition 2. Suppose that an arrival process {A:} and an

initial backlog Ny are fixed. Consider two policies that gener-

ate {St(l)} and {575(2)} such that St(l) > Stz) for all t. Let the

corresponding backlogs evolve by Nt(i) = Nt(i)l —St(i)lJrAt_l,

1 € {1, 2}, driven by the same arrival realizations { A;}. Then,

for all t, Nt(l) < Nt(2). Consequently, E[Nt(l)} < E[Nt@);for
]

all t, and if both systems are positive recurrent, IE[]\LXIj <
E[N2).

Proof: For t = 1, we have N{") — N® = (N{V —
Ng) = (85" = S5) + (Ao — Ag) < Ny = Ng? =0

(the same initial backlog No). If N, < Nfﬂ, then N —
NP = (N9 = N2 = (S =520+ (Ara = Ava) <0,
since St(i)l > St(z)l. Thus, Nt(l) < Nt(2) for all ¢. Taking
expectations yields the stated inequalities. [ ]

The optimization problem of guaranteeing the mean access
delay is formulated as

oo
maxi}\mize Z b1 (n)mp,

n=0

~ “)
subject to Z =1, and D < dmax.
n=0

The objective function of (4) is the throughput E[S], whereas
the first constraint indicates the stable system, i.e., ergodicity
of the Markov process N;. The second constraint guarantees
the mean access delay D in (3) less than a threshold d,pax,
which is based on Little’s law.

Proposition 3. For a given retransmission policy p, (e.g.,
Prn = 1/n), the optimal X\ in (4) is achieved when the delay
constraint is active: » (n — dmaxb1 (?”L))?Tn = 0, and the
optimizer is unique.

Proof: Propositions 1-2 show that minimizing D is equiv-
alent to minimizing E[N;], which corresponds to maximizing
the mean number of successful (re)transmissions E[S;_1] via
(1). Thus, A can be increased until D = dax, making the
delay constraint tight. For uniqueness, define the one-step
conditional drift [12] as D,, £ E[N; — N;_; | Ny_1 = nl,
which is the expected net change in backlog given the current
backlog n. For some scalar § > 0 and integer n*, the
Markov chain admits a stationary distribution if D,, < —4§
for all n > n*. Using (1), we can rewrite D,, as D, =
E[At,1|Nt,1 = n] — E[St,1|Nt,1 = n] =A— bl(n) When
Pn, = 1/n, b1(n) decreases strictly with n, ensuring that both
n* and the corresponding A are unique. [ ]

The problem in (4) can not be solved by a conventional
optimization problem, because m, depends on A and p,. To
find 7, we first express the relation between 7y and 7, using
the balance equation:

(&)

Due to our assumption on Poisson arrivals, we have a; =
%e_/\. For n > 1, the balance equation for ,, is

Ty =aoTo + a0b1(1)7r1.

n—1
Ty =QpTo + Z ce(n)mp—r + agbi(n+ V)mpy1,  (6)
k=0



where c;(n) £ agr1b1(n — k) + ag(1 — b1 (n — k)). To find
m, numerically, let us rewrite (5) as m = ai%la((i)ﬁo' As m
can be expressed in terms of 7, we can write m, for n > 2
with respect to 7y substituting 7 for k¥ < n into (6). Let
7, be the probability of state n when m is set to one, e.g.,

A o= = “0 = — 1, and 7, = @w,m. We can get 7,

H.bl

iteratively (usmg (6)) as

:m(w” —an =) Ck(n)ﬁ-nfk)- (7

7TnJrl

-1
Using 7% m, = 1, we determine mp = (1 + 3 0me A;{)
and m,, = 7, T, where we will show how to determine N,y
later.

To find the convergence condition of m,, if p, = p in (2),
then D,, > 0 as n — oo. This means that the system becomes
unstable when a retransmission probability independent of the
state is used. If p, = 1 (maximizer for bl( )) and n —

00, it follows that A < (1 — %)n ' x e~ *. If estimation

induces a multiplicative bias ¢ > 0 so that p,, = 1/(cn), then

lim,, 00 b1(n) = %e‘l/ ¢, yielding a sufficient stability bound

A< %e‘l/ €. More explicitly, let us examine the ratio of 1

‘n':r::i = m 1— an:—o — ZZ;é Ck(n)ﬂ;nk) If
ﬂn+1

we impose the condition of

to m,:

<1, we get

Tn—k

™0 ol
1— 20
apbi(n+1) < ay, o + Z ck(n) - )
k=0
As a sufficient condition for 2+ < 1, we can focus on the
following term from (8): 1 — agby(n +1) < a, 7>, which can

be expressed as

T _ G
o 1—a0b1(n+1)'

For A < by(n) ~ bi(n+ 1) ~ e~! for n — oo, we can see
that the ratio in (9) vanishes, since a,, — 0 for n — oo:

Ae=A
n!(l — e~ (A1)

where 7 helps us to predict that 7, = nmg for 7y = 1. Since
mo < 1, my, is smaller than 7, i.e., 7y, = TN,..7o. This
enables us to find Np,,x that makes 7, negligibly small. Let
us assume that 79 = 1 to find 7,,. Since A\ is not greater than
e~ !, we can see that 7,, rapidly diminishes in (10) as n — oo.

For p, = %, we can find the solution of (4) by using a
bisection search for A € (0,e~!) as shown in Algorithm 1. In
Algorithm 1, A\; and A, are the lower/upper bound values for .
We initialize \; = 103 (small but positive) and \, = e~ —
102 because, for S-ALOHA with p,, = 1/n, the throughput
per slot is at most 1/e (since by(n) = (1 — 2)"=1 < e 1)
Any bound 0 < A} < A* < A, < 1/e guarantees bisection
convergence.

€))

7T7l/ aTL
T 1 —e-(A+D)

<n, (10)

C. Backlog Estimation

To guarantee the mean access delay subject to dp,.x and
stabilize the system, it is essential to estimate the number of
backlogged users n as accurately as possible. To do this, we

Algorithm 1 Bisection search for the solution

Initialization: \; = 1073 and \, = e~ ! —
Output: the maximum arrival rate A
while |)\T — )\l| > ¢, do

Am = 0.5(A + Ay)

Compute my, using (7) with a, = /\,:,
if Zn 0, > dmax Z "o by (n)m, then
A= An

else

L )\l = /\m

1072

—Am

R A A

develop an EKF backlog estimation algorithm presented in
Algorithm 2. The notation is summarized as follows: Nt|t_1
and N, denote the predicted state estimate, and the updated
state estimate at time t, after observing z;. The observation
vector z; is expressed as z; = [Zl,t, Zg’t]T € [0, 1]?, where
Z1,4 and Zs ; indicate whether the slot outcome at time ¢ is
Idle or Success, respectively, and the superscript 1" denotes
the transpose of a matrix or vector. Additionally, we set
Zi4+Zay € {0,1}, whereas z; = [1, O] is idle, z; = [0,1]T
success; a collision maps to z;, = [0, 0] Furthermore, Py
and P, denote the predicted and updated covariances of the
estimation error at time ¢, after observing z;. The K; denotes
the optimal Kalman gain at time ¢.

1) Algorithm of providing the mean access delay: To apply
an EKF algorithm, let us rewrite (1) as Ny = Ny_1 — S¢—1 +
Ai_1 + wy_1, where wy_1 ~ N(0,Q;) is a Gaussian process
with zero mean and variance (J; showing the process noise;
Q: is conservatively set to 1 to represent the magnitude of
disturbance, since the mean of packet arrivals at a slot in a
stable S-ALOHA system generally does not exceed 0.5.

The observation model of the proposed EKF, i.e., the BS
observes z;, is expressed as
Zy = h(Nt) + Vi, (11)

where v, ~ N (0, R;) is the observation noise with covariance
matrix R;. In (11), let us rewrite h(V;) as h for the simplicity
of notations and define h = [hq, hs], where hy and hy are the
probability that the outcome of slot ¢ is idle, and success,
respectively, for N; backlogged users with retransmission
probability p; at slot ¢. We can write h; and hy as

hy=(1 _pt)Nt’ and ho = Nyp: (1 —pt)N‘_l.

Using (12), the measurement-noise covariance R; is taken as
a 2 x 2 matrix with a small ridge €I (I3 is an identity matrix
of size two) to ensure the positive definiteness [13]:

hi(1 — hy) —hiha
—hiha ha(1 — ho)

(12)

Rt = + 6]2. (13)
The Jacobian of h is H, = [0h/ON, [“)hg/é)Nt]T, which
is a linearization of the non-linear h in (11) for running the

Kalman filter. Differentiating (12) with respect to NV; yields:

0hy

aijvt = h1 ln(l - pt), and

Ohy _ pe(1—p) N1+ Ny In(1 — py)]. (14)
ONy



Algorithm 2 EKF-Based Backlog Estimation for S-ALOHA

I: Initialization: Q =1, No=1, Py =1,e =104, p, =1
2: for each slot t =1,2,... do

3: Compute prediction:
Nijg—1 = Ni—1— St—1, Pypp1=Pi—1+Qt
4: Compute predicted measurement:

h; = h(Ny;_;) using (12)
5: Compute Jacobian H; by (14)

6: Compute Kalman gain:
S;=H, P, H + R, K,;=P_H] Sh
7: Update state and covariance:

Ny = Nyjpo1 + Ki(ze —hy), P, = (1— Kth)Pﬂtq
8: Broadcast ACB factor p, = min{ 1, 1/N,}

To avoid singularities, we limit p; at 1 — & when computing
H, € R?*1,

2) EKF for online access control: In Algorithm 2, we first
initialize the process noise covariance )y = 1, the initial
backlog estimate Ny = 1, the updated covariance P, = 1
at t = 0, ¢ = 10~%, and retransmission probability p; = 1.
At the beginning of each slot t, we predict the backlog by
subtracting the observed successes S;_; from the previous
estimate and update the variance by adding @);. The lines 4-
7 are the computational procedure of a standard EKF. After
estimating Ny, the BS broadcasts p; = min{1,1/N;}.

3) Computational complexity: In each slot ¢, the BS exe-
cutes Algorithm 2, which includes prediction, Jacobian com-
putation, Kalman gain and covariance update. These steps
impose a fixed computation load independent of the backlog
size; about 12 — 16 scalar operations in total, and at most
two 2x2 matrix operations (one small multiply/accumulate
for S;, K; and one 2x2 inversion). Hence, the EKF incurs
constant time and memory complexity O(1).

D. Access Delay Distribution

To analyze the access delay when p, = 1/n, we use a
tagged user. According to Poisson Arrivals See Time Average
(PASTA) property, 7, is the probability that the tagged user
sees n backlogged users upon its arrival. In our system, the
tagged user will start to transmit its packet in the next slot,
which is known as delayed first transmission. Let ¢ be the
number of other backlogged users at arrival of the tagged user.
As mentioned earlier, the tagged user finds ¢ backlogged users
with probability 7;, say slot ¢ — 1. In that slot, where the
tagged user does not transmit, the number of backlogged users
becomes n one slot later as n = (i — SPMS(4) + A;_1) + 1,
where SM¢rs(7) € {0,1} denotes a successful transmission of
a packet among i backlogged users; that is, SPM™(7) = by ().

Let r4 denote the random variable of representing the access
delay of the tagged user. To find Pr[ry = k|, we consider an
absorbing Markov chain, where the absorption state represents
the successful transmission of the tagged user’s packet. Let
¢y, be the initial probability that the system has n backlogged
users, including the tagged user. We can get ¢,, as

b =Y i [(1 = b1(i))an—1-; + b1 (i)an—q]

i>0

5)
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Fig. 1: Delay performance.

For example, ¢; shows the probability that the tagged user
finds the system empty (with probability my) and no other
arrivals with probability ag. In other words, ¢, is the proba-
bility of the tagged user alone in the system. The initial state
probability vector ¢ = [¢,,] for n > 1 shows the state that the
tagged user is with n — 1 backlogged users in the system. The
access delay is the time for the tagged user to move to the
absorption state, i.e., absorption time. The probability mass
function (PMF) of RA delay for k slots can be expressed as

Prlrq = k] = ¢ - H*"'U. (16)
The elements of the (sub)matrix U indicate the state transition
probabilities to the absorbing state (state 0) from other states:

state 0o 1 2 3 4

U= 0 [1 1 % 7y »m ] (D

where 7, = pn(1—pn)" " = 2 (1=1)""" In (17), at
state 1, where the tagged user alone is in the system, it can
make a successful transmission with probability 1. This 7,
shows the probability that the tagged user (re)transmit with
probability p,,, while the other n — 1 users will not. In (16),
we write matrix H = [oy, ] for n,k > 1, where each
element ¢, j indicates the state transition probability in the
absorbing Markov chain. We have a;;, = 0 for £ > 1 and
anr = 0 for k < n — 1. Moreover, ap,—1 for n > 2
is expressed as ap -1 = (1 —pn)Bnag = (1— 1) Bnao,
and B, = ("T)a(1-p)" = ("THE(-1H)"
For k > n, we can write an as a,r = (1 —
1/n) (Bnag—ns1 + (1 — Brn)ak_n). The mean access delay D
can be obtained by either the second constraint of (4), or



D = ¢(I — H)™'1 (using (16)), where a proper truncation
for matrix H is needed and 1 is a column vector of ones.

III. NUMERICAL RESULTS

While the optimization problem in (4) assumes perfect
knowledge of backlog size, the EKF produces estimation
errors. Consequently, even when we constrain the input rate A
to the solution of (4), the access delay limit cannot be satisfied.
Therefore, we need to tune p, in a practical manner that
accounts for estimation errors. We set Nppax ~ 600, €, = 10~%
in Algorithm 1, and truncate the size of matrix H by 800. In
[11], an exponential backoff (EB) algorithm is proposed to
reduce age-of-information (Aol). A backlogged user transmits
a packet with probability pa’~! for i € {1,...,J + 1} for
the ith attempt. For i = J + 1, the user repeatedly uses pa-”.
For a given pair of p and J, a is optimized to minimize Aol
in [11]. The Aol just before a new update arrives (i.e., the
peak Aol) reflects the combined waiting and access delays of
both the previous and the upcoming packets. To apply it to our
system, we numerically find the optimal « that minimizes the
access delay of a packet for each (\,p, J) through exhaustive
searching. To address this, Fig. 1(a) compares the mean access
delay D of the EKF-based backoff algorithm and the Genie-
aided system. The Genie-aided system has perfect knowledge
of the exact backlog size at each slot, enabling it to implement
rn, = 1/n without error. Since our analysis uses 7, (based on
the exact backlog size), the analytical results agree well with
simulation results of the Genie-aided system for both the mean
access delay in Fig. 1(a) and PMF in Fig. 1(b).

In order to reflect the estimation errors by EKF for the

optimization problem, we modify p,, in (4) as p,, ~ —— =

n+en
é ~ p;, which is called a scaled p,. Notice that ¢ (or
¢ = 1+ ¢€) is a random variable that depends on various

factors such as each state and A. It can take positive or
negative values. When e takes a negative value, which means
that EKF underestimates the backlog size, more collisions
can occur. A positive € means an overestimation on backlog
size, implying more delay. The key insight of the tuned
Pn is that function by(n) = np,(l — p,)" ! takes almost
symmetric shape around p, = 1/n; that is, for small e,
(- 25" & s (- E)™ ! Thus, we simplify
it using a positive constant c¢ for practical use. Fig. 1(a)
shows the analytical results with two values of e 0.368
and 0.5. While the mean access delay with € = 0.368
shows a good fit with simulation, e = 0.5 conservatively
works well. This is also observed in Fig. 1(b); the PMF
of the EKF-based backoff algorithm with ¢ = 0.5 shows
slightly longer delays against simulation. It is notable that we
have lim,,_, b1 (n) = lim, e nt (1 - L el %efl/c.
Compared to the EB algorithm in [11], Fig. 1(a) shows that
our proposed algorithm achieves consistently lower delay. The
performance gap between two algorithms becomes large as
A increases, particularly in the high-load case; the proposed
algorithm outperforms the EB in delay.

In Table I, we present the solution of (4), denoted by \*,
for given delay limits dp,,x. It is obtained using Algorithm
1 and p, = 1/(1.5n). Then, A\* is used as an input to the

TABLE I: Measured mean access delay vs. delay constraint

dmax 2.5 3.5 4.5 5.5 6.5 7.5 8.5

A* 0.168 | 0.225 | 0.253 | 0.271 | 0.283 | 0.291 | 0.297
N (ana.) | 0.486 | 0.859 | 1.220 | 1.578 | 1.931 | 2.286 | 2.525
N (sim.) | 0377 | 0.758 | 1.170 | 1.477 | 1.840 | 2.115 | 2.416
D (sim.) | 2.243 | 3.372 | 4.614 | 5472 | 6.506 | 7.271 | 8.124

system with the EKF-based backoff algorithm. We then get
D through simulation for a given A\* to see that D is kept
below d,,ax. For various values of dp,.x, we can see that D
is conservatively maintained close to d,x.

IV. CONCLUSIONS

This work investigated an optimization framework that
guaranteed the mean access delay of S-ALOHA for a given
delay limit. The insight of the optimization is the equivalence
between throughput maximization and delay minimization,
providing a unified approach to S-ALOHA optimization. To
find the solution, the S-ALOHA system was extensively an-
alyzed, including the PMF of the access delay. The principle
of guaranteeing the mean access delay is to maximize the
throughput while allowing input rate up to the input rate limit,
where the information on the exact backlog size for every slot
is utilized. The limit is that, since the estimation errors on the
backlog size are unavoidable, the (re)transmission probability
is empirically tuned to meet the mean delay limit.
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